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Abstract

We consider a general model of non-Bayesian social learning. We start by the
standard foundation of the DeGroot style models, but we relax the demanding
parametric assumptions that are usually imposed on the data generating process
and the payoff functions of the agents. With this, we obtain opinion aggregators
that are axiomatically characterized by the functional properties of normaliza-
tion, monotonicity, and translation invariance. Beside the more attractive mi-
crofoundation, the obtained opinion aggregators allow for several economically
relevant patterns ruled out by the linear model. For instance, agents can feature
dislike (or attraction) for extreme opinions, confirmatory bias, as well as discard
information obtained from sources perceived as redundant. We also show that
under this weaker assumptions is still possible to explore the standard questions
addressed by the linear model, such as the convergence of limit opinions, and the

properties of consensus and wisdom for this limit.

1 Introduction

Often, economists describe opinion dynamics in a social structure through non-Bayesian
learning models. There are at least three good reasons to do so. First, Bayesian
inference is not an easy task to implement under the complex information structures
that arise in social networks. Indeed, the informational content encoded in others’

actions and opinions is hardly assessed by real-life agents. Therefore, it is reasonable
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to expect them to use some form of simpler heuristic. Second, when modeling the
evolution of Bayesian updates in a network, tractability is easily lost, especially outside
the standard quadratic-Gaussian setting. More profoundly, it is not even clear that a
search for the truth only motivates the evolution of opinions in a social network. Often,
agents are just trying to either adapt to each other or to adjust on a belief shared by
the entire society. In those cases, it is not clear why even a cognitively unbounded

agent should adhere to Bayesian updating in adjusting her opinion and behavior.

The benchmark: DeGroot’s linear model The tractability issue is satisfactorily
addressed by one of the simplest and most analyzed models of opinion aggregation in
a group of agents: the DeGroot’s linear model (see DeGroot [16], DeMarzo, Vayanos,
and Zwiebel [17], Golub and Jackson [27]). It is a discrete time dynamic model where
a group of agents starts with initial estimates or opinions and then periodically up-
date them by taking weighted averages of the estimates of each other. Therefore, the

opinions of the agents in the society at period ¢ are given by
zt = Wat!

where W is a stochastic matrix and each entry w;; is interpreted as the influence of j
over 7. This model allows describing the dynamics induced by an initial opinion profile
2% and an influence matrix W, which is often derived from an underlying network
structure and acts as the opinion aggregator in the society. The critical feature that
makes this model so tractable is the ease to link the properties of the underlying
network structure with the long-run evolution of opinions. In particular, conditions
on W under which the sequence of updates converges (to a consensus or not) can be
given. The usual interpretation associated with the dynamics just described is one of
nawve learning. Indeed, each agent naively updates her opinion by pooling the opinions
she observes from the others and weighting them according to an exogenously given
matrix. The resulting process does not follow from the acquisition of new exogenous

information but rather from the reciprocal adaptation of the opinions in the group.

Micro-foundation DeMarzo, Vayanos, and Zwiebel [17] provide a microfoundation
of the DeGroot linear updating based on a Persuasion bias model. They consider
a directed graph of agents trying to estimate a fundamental parameter u. Agents
observe the parameter plus i.i.d. normal error terms with different precisions. The
first-period estimate of each agent is the Mazimum Likelihood Estimator of p using the
signal realizations in her neighborhood; however, they may hold wrong beliefs about

the precisions of others. Under their assumptions, each estimate is a weighted average



of the signals.! In the following periods, agents update their estimates by naively using
the same weights. Even if this is not consistent with a proper statistical procedure,
DeMarzo, Vayanos, and Zwiebel argue that this can be seen as a boundedly rational
heuristic capturing persuasion bias. With this, the resulting dynamics are the same as
in DeGroot’s model.? Again, note that linearity of aggregation crucially relies on their
assumptions on the error terms. If we weaken one among independence and normality
of the signals or certainty about the precision of others, then linearity is lost. More
generally, we consider agents that perform robust estimation (as defined in Huber [32])
given that they are uncertain about the data generating process.® This procedure leads

to the class of robust opinion aggregators.

Robust opinion aggregators Surprisingly enough, the resulting aggregation of past
opinions preserves some of the nice and tractable features of DeGroot’s model. These

natural properties\axioms will define the class of robust opinion aggregators:*

1. Normalization: Every time the agents have reached a consensus none of them

further updates their opinion;

2. Monotonicity: If we consider two profiles of opinions such that the first one
dominates (according to the coordinatewise order) the second, then this relation

is preserved after aggregation;

3. Translation invariance: The way every agent aggregates information does not

change if the opinion of every agent is suddenly shifted by the same constant.

On the one hand, these simple properties are appealing because they naturally
arise when we generalize the foundations of DeGroot’s model and allow for effects that
are prevented by linear aggregation (e.g., distrust for extreme opinions, assortative-
ness, confirmatory bias). On the other hand, the resulting opinion dynamics would

undoubtedly look different from the ones described by the standard linear updating

! As argued by Golub and Sadler [30] and Golub and Jackson [28], under a very diffuse prior about

1, also the Bayesian estimator of p takes the form of a weighted average with suitable weights.
2They also allow agents to vary over time the weight they give to their own past beliefs relative to

the others. For the generalization of their procedure in our model see Section 6.6.
3In his seminal paper (Huber [32]), which is now almost sixty years old, Huber writes: “It is

interesting to look back to the very origin of the theory of estimation, namely to Gauss and his theory of
least squares. Gauss was aware that his main reason for assuming an underlying normal distribution
and a quadratic loss function was mathematical, i.e. computational, convenience. In later times,
this was often forgotten, partially because of the central limit theorem. However, if one wants to be
honest, the central limit theorem can at most explain why many distributions occurring in practice are

approzimately normal.”
4See Section 2 for the formal definitions of these properties.



rule. Are these new dynamics completely undisciplined? Is it still possible to obtain
convergence? Moreover, if the answer is yes, can we say something on the rate of
convergence and the formation of consensus? Does the crowd become wise in the limit
a la Golub and Jackson [27]? The second objective of the present work is to answer

these and other questions that may arise given our general framework.

The dynamics of robust aggregation Once we have identified the class of naive
updating rules that we want to study, we switch to the analysis of the dynamics that
they induce. First, we show that the time averages of the sequences of opinions induced
by robust aggregators uniformly converge. Rephrased in other words, the updates of
the agents either converge or eventually oscillate. The proof of this first result exploits
mathematical tools that are, to the best of our knowledge, novel for this literature.
Despite being an essential result about what an external observer can learn by observing
the evolution of opinions, the convergence of time averages is usually not satisfactory
for analysis of learning and aggregation of agents’ opinions. Therefore, we next look for
conditions that characterize, or at least ensure, proper convergence of the iterates of
our maps. It turns out that, for robust aggregators, asymptotic reqularity characterizes
both local and global convergence. Nevertheless, we aim to provide conditions that
imply convergence and have transparent economic interpretations that can be obtained
from our foundations. Hence, we analyze three properties of the network structure that

guarantee convergence of the limit opinions:

1. Self-influence: For every given profile of opinions, the update of each agent is

influenced by her own past opinion;

2. Uniform-common influencer: there is at least one source of information that

is trusted by the entire society;

3. Strong connectedness: For every pair of agents in society, there is a sequence

of agents connecting them.

Each of the previous conditions alone is sufficient to obtain convergence and, for the
last two, we provide bounds for the corresponding rates. Furthermore, in the cases of 2
and 3, convergence to consensus is implied. Importantly, all these conditions are related
to a network structure among agents that we derive from the aggregator. Our model
suggests caution in concluding that consensus can be reached after having studied the
local network properties. Indeed, our robust aggregators highlight that the choice of

trusting someone cannot generally be disentangled from the opinion she is expressing.

Next, we zoom our focus on a subclass of robust aggregators that satisfy comonotonic

additivity: the aggregation is linear whenever restricted to comonotonic vectors of opin-
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ions. We call the elements of this class Choquet aggregators because they have a repre-
sentation in the form of a Choquet Integral. The median together with all the quantile
functions as well as the order statistics are examples of such aggregators. Aside from
the nice representation, these aggregators have some useful properties and interpreta-
tion. From a tractability point of view, their aggregation procedure corresponds to a
linear aggregation using a matrix that is selected from a finite set of possible alterna-
tives. Which matrix is used depends on the particular ranking of opinions. On the
interpretation, they can capture the fact that agents overweight either the extreme or

the intermediate opinions in the networks.

Vox populi, vox dei Inspired by Golub and Jackson [27], we test the wisdom of the
crowd under robust aggregation obtaining mixed findings. First, sufficient conditions
for wisdom can be given. On the one hand, similarly to the linear case, wisdom occurs
when the influence of each agent vanishes in the limit. On the other hand, this is
obtained by further assuming symmetry of the distribution of agents’ signals, which
is irrelevant in the linear case but plays a key role under general robust aggregation.
Furthermore, we link these conditions to our statistical foundation. Finally, we provide
a negative result about the robustness of wisdom: every wise aggregator in the sense

of Golub and Jackson is arbitrarily close to an unwise robust aggregator.

Related Literature Our work falls in the literature on non-Bayesian learning in
social networks, pioneered by the seminal papers of DeGroot [16], DeMarzo, Vayanos,
and Zwiebel [17], and Golub and Jackson [27]. Among the more recent papers, the
one closest to us is Molavi, Tahbaz-Salehi, and Jadbabaie [47]. The first difference
concerns the stochastic component of the model. They follow [48] in considering social
learning when agents both repeatedly receive signals about an underlying state of
the world and naively combine the belief of their neighbors. Instead, we follow the
wisdom of the crowd approach of [27] and we study the long-run opinions as the size
of the society grows to infinity. The second difference regards the direction of the
relaxation of the linearity in the naive-updating rules of the agents. Both papers take an
axiomatic approach, specifying some behavioral properties of the opinion aggregators,
the main differences being between the assumptions of translation invariance and label
neutrality. In the Online Appendix, we show that for the purpose of the the questions
we explore, i.e., convergence of limit opinions and the wisdom of the crowd, loglinear
aggregators a la [47] can be studied in an equivalent linear system. Since our class of
robust aggregators ecompasses the linear model, our results cover their aggregators,
too. However, notice that the equivalence with linear system may be lost for a problem

of learning with repeated signals as the one they analyze in their paper.



Our paper lies at the intersection of a few kinds of mathematical literature: namely,
nonexpansive self-maps, fixed point theory, and discrete dynamical systems. We pro-
vide here a brief overview. The literature on discrete dynamical systems/repeated
averaging shares a common theme. Agents aggregate opinions at each point in time
following DeGroot’s rationale, with a time-varying aggregation matrix. This literature
is typically concerned in providing the more general conditions possible on the sequence
of matrices W; which guarantee the convergence of the sequence of updates x* to con-
sensus. One of the first papers dealing with such a problem is Chatterjee and Seneta
[13]. Krause [39] provides an excellent textbook exposition of the topic and a full char-
acterization of convergence to consensus. In a nutshell, our results differ from the ones
above in two dimensions. First, we do not necessarily always obtain convergence of
the updates and, even when it happens, consensus does not always realize. Second,
even when it is possible to reduce our framework to one of this literature, there are
significant differences. Since our opinion aggregators are micro-founded, under mild
conditions, they inherit the primitive network structure of the foundation. In turn,
this imposes a strong discipline on the sequence of matrices W;. This approach comes
with two significant benefits. Conceptually, it makes explicit the fact that the matrix
W, not only depends on time but also on the value of zf~!. This fact was never fully
exploited, and mathematically, this turns out to simplify significantly our proofs which,
when dealing with convergence to consensus, rely on a combination of operatorial tech-
niques mixed with simple Markov chains arguments. Krause’s results are related to
an underlying network structure by Muller-Frank [49]. Again, the results obtained in
that paper rely on a weaker form of internality to the opinions in the neighborhood of
each agent. Our opinion aggregators, in general, do not satisfy the strict internality
properties. However, note that a particular but important, case of our Theorem 8 can
be obtained as a corollary of Theorem 4 in Muller-Frank.

The other literature relevant to our work is the one about nonexpansive maps.
Also here, we provide a brief overview.? This literature only shares our mathematical
framework. It was developed for a completely different reason. In particular, the goal
there is finding solutions to functional equations, or more in general fixed points of
operators 7T, which are not contractions. We exploit some of the techniques coming
from this literature (e.g., Baillon, Bruck, and Reich [3]). In particular, our micro-
foundations yield that 7" might satisfy properties of monotonicity that are not present
in this literature. These other properties allow us to obtain sharper results: namely,
the rate of convergence is independent of the initial opinion and convergence attains
as long as self-influentiality is satisfied.

In general, we consider three dimensions which are not present in the previous set

5See Remarks 3 to 6.



of papers. First, we explore conditions to obtain wisdom of the crowd under robust
aggregation. Second, we derive our class of aggregators by generalizing in natural
ways the existing statistical and game-theoretical foundations. Finally, we also follow
an axiomatic approach building on results from Decision Theory to obtain a useful

representation of our operators.

Outline The paper is structured as follows. Section 2 presents the definitions of
the mathematical objects used in our analysis. Section 3.1 shows that relaxing the
functional form in the most standard micro-foundation of DeGroot’s model leads to
our class of robust aggregators. Section 6 describes the long-run evolutions of opinions
and the properties of the limit. Finally, Section 7 explores the conditions for obtaining
the wisdom of the crowd a la Golub and Jackson [27]. All the proofs are collected in
the Appendix.

2 Preliminaries

We consider a finite set N = {1,...,n} of agents, sometimes called players. We denote
by I a closed interval of R with nonempty interior. For example, if [ = [0,1], then
we interpret a number in this interval as either a measurement of agreement on a
particular instance or a subjective probability about a specific event. In what follows,
we study maps 7' : B — B where B = 11" ;I = I". We call these selfmaps 1" opinion
aggregators. With a small abuse of notation, we denote two objects by the letter I: a
closed interval with nonempty interior, and the identity map I : B — B. The context
will always clarify unambiguously to which object we are referring. For all Cartesian
products C' = Il;enyC; € R™ and ¢ € N, we define C_; = I1;.,C}.

We endow R"™ with the usual componentwise order. Given two vectors z,y € R,
recall that they are comonotonic if and only if [z; — z,;] [y; — y;] > 0 for all 4,5 € N.°
By e € R", we denote the vector whose components are all 1s. We denote by D the
diagonal of B, that is, the subset of elements of B whose components are all equal. We
denote by A the collection of probability vectors in R™, that is, p € A if and only if
p; > 0forallie Nand > "  p;, =1. We endow B with the topology induced by the
supnorm ||z, = sup;eqy, ny [2i]. Given an opinion aggregator T': B — B and z € B,
the sequence {T" ()}, will be called the sequence of updates of x. Often, in denoting
a sequence of updates and particularly if interested in a local behavior, we will call z°
the initial value, rather than z.

Among other things, we are concerned about the convergence and the rate of con-

vergence of these sequences. We will be dealing with two kinds of convergence: the

61n this paper, vectors will always be interpreted as column vectors, unless otherwise specified.



standard one induced by the supnorm as well as Cesaro convergence, that is,

ety defq 1 L
C h{nT (x)—hlnT;T (x)

where the limit in the right-hand side is the standard limit. It is well known that if a
sequence converges in the usual sense, then it converges a la Cesaro, while the opposite
might not hold instead.

We denote by W the collection of stochastic matrices, that is, all n x n square
matrices whose rows entries are positive and sum up to 1. Given € € (0, 1], we denote
by W, the subset of W € W such that the k-th column has all the entries greater
than e, that is, w;, > € for all « € N. Let W. = UkeNngk.7 Given k € N, we denote
by Ji. the matrix whose columns are all zero except for the k-th one which is 1 in each
entry. Note that J, € W, for all € € (0,1] and k € N.

We say that an opinion aggregator 7' is:

1. normalized if and only if T (ce) = ce for all ¢ € I;
2. monotone if and only if for each x,y € B

rzy = T(x) 2T (y);
3. translation invariant if and only if
T(x+ce) =T (x)+ce Vx € B,Vc € Rs.t. x4 ce € B;
4. constant affine if and only if
TAe+(1—=XNce)=XT(z)+(1—=N)ce Ve BVcel VYAe|0,1];
5. comonotonic additive if and only if
x and y comonotonic = T (x+y) =T (z) + T (y);
6. linear if and only if there exists a matrix W € W such that
T(z)=Wzx  VzeB;

7. odd if and only if

T(—x)=-T(x) Ve € Bst. —z € B;

"The collection of matrices |J W: are also said to be Markov’s matrices or that they satisfy
86(071]
“Doeblin’s condition” (see, respectively, Seneta [57, Definition 4.7] and Stroock [58, p. 32]).
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8. nonexpansive (i.e., Lipschitz continuous of order 1) if and only if
1T (z) =T Wl < llz =yl  Vz,yeB.

Our foundations naturally yield opinion aggregators that have the following proper-
ties: normalization, monotonicity, and translation invariance. The following definition

formalizes this.

Definition 1 Let T be an opinion aggregator. We say that T is robust if and only if
T 1s normalized, monotone, and translation invariant.

We call these aggregators robust for two reasons: 1) our statistical foundation builds
on the theory of robust statistics (cf. Section 3.1), 2) more in general, our foundations
generalize the ones of the linear model naturally, but they do not take a parametric
approach specifying a specific functional form. It is easy to see that any convex linear

combination of robust opinion aggregators is itself a robust opinion aggregator.

3 The model

3.1 Robust aggregators

Consider a finite set of agents N = {1,...,n} who wish to estimate a fundamental

parameter ;. € R. Agents initially observe signals
Xz' = U + Eiy

where ¢ = (g;),cy is a random vector with joint distribution F.. The latter is such
that the random vector X = (Xj;),_y has support contained in 5 C R". The period-0
estimate of every agent i coincides with the realization z¥ of her signal.

In period 1, the agents communicate with each other to acquire new information
on the parameter. We model the communication through a directed network (N, A),

where A is an adjacency matrix in {0, 1}V

with the understanding that a;; = 1 if
and only if ¢ listens to (or is influenced by) j. In particular, every agent i collects the
sample of realizations of signals (opinion stated) in her neighborhood N; = {j : a;; = 1}
and then solves an estimation problem about p using these data collected. Here, we
consider a generalization of the class of M-estimators for location parameters defined
in Huber [32].® Formally, we endow every agent ¢ with a lower semicontinuous loss

function ¢; : R” — R, and let her solve

min ¢; (2° — ce), (1)
0

where 2° = (ch)j6  are the realizations of signals.” Given the profile of loss functions

8Qur generalization falls within the class of Extremum estimators.
9We maintain the semicontinuity assumption throughout the rest of the paper.
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¢ = (¢:);,, the updates z* at period 1 belong to the set

T (%) =] {arg min ¢; (a° — ce)} C B. (2)

1€EN

Formally, (2) defines an updating correspondence T : B = B that satisfies
T (z + ke) =T () + ke Vo € B,k € R,

where T (z) + ke is the set of vectors in T () shifted by k.'° Let T : B — B denote
an arbitrary selection from T and note that, if T is single-valued (e.g., whenever each
¢; is strictly quasi-convex), then it coincides with its unique selection T'.

The minimization problem in (1) has the following interpretation: agent i optimally
picks the estimate for 1 as to minimize a loss function of the induced vector of deviations
e = 2° — ce. In particular, the function ¢; represents a belief-free reduced form of all
the ex-ante information of agent ¢ about both the network structure and the objective
distribution of errors F..!! For example, if i thinks that the signal of j is highly
informative, then her loss function ¢; will penalize relatively more the deviations from
xj. In general, such estimation procedure is justified here insofar the agents are non-
Bayesian. Indeed, we implicitly assume that the high uncertainty that they face does
not allow them to attach probabilistic beliefs to unknown variables (i.e., both the
fundamental parameter and the data generating process).

In the successive periods, the agents do not receive any additional external infor-
mation on p but rather keep iterating the same estimation procedure with respect to a
new set of data points given by the last-period estimates of their neighbors. Formally,
we have that ' € T (z'7!) for every period ¢ € N. In particular, whenever T = T is
single valued, the deterministic dynamics of the estimates in the population given the

0

initial realization z°, are described by the iteration of the operator T': B — B at 2°,

that is,
{# e =A{T" () e

Conversely, a sequence of updates {z'},_\ is consistent with the profile ¢ of loss func-

tions and with the initial realizations z° € B if

2teT (:Ut’l) YVt € N.

10This fact is already highlighted in [32].
1 The clear understanding is that the loss functions are adapted to the neighborhood of the agents:

for every i € N, and 2,2z’ € R"
(zj =2 VieN;) = ¢i(z) =0 ().

One may be tempted to let ¢; : R™i — R,. However, since our results do not rely on the assumption

of adapted loss functions, and for notational convenience, we maintain RY as the domain.
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There are at least two justifications for the iteration procedure just described. The
first one has been extensively analyzed in DVZ and is related to a form of persuasion
bias. Under this interpretation, the agents ignore the information redundancies in their
neighbors’ estimates and consider what they observe as brand new information. Despite
the convincing arguments presented in DVZ in favor of this kind of behavior, this
interpretation requires a certain degree of bounded rationality of the agents. Whether
or not this is a closer description of the reality than Bayesian updating, we would like
to exploit our belief-free framework to try to overcome the assumption of bounded
rationality. To see this, assume for simplicity that the profile of loss functions ¢ is such
that T = T is single valued and T is normalized.'?> If we define ! = T (), then the

random vector describing the profile of opinions stated in period 1 is given by
X' =T(X) =T (ue+e) = pe+ ¢,

where the last equality follows from translation invariance and normalization of 7.
Therefore, at period 1, every agent i observes the realizations of the estimates in her
. . 1
neighborhood, that is, (Xj)jeNi'
centered in p with error term equal to €}. With this, at period 2, every agent i faces

Note that each X} is again a location experiment

a similar estimation problem to the one she faced at period 1 with respect to different
set of data. Indeed, every agent is uncertain about the distribution of ¢! similarly as
it was for ¢ in the previous period. It seems natural then that every ¢ would repeat
the same estimation procedure (i.e., robust estimation with respect to ¢;) of period
1. Inductively, the same reasoning illustrated before shows that, for every t € N, the

random vector describing the ¢-period estimates of the agents
X'=T"(X)=pe+T" (¢

is a location experiment with errors ¢ = T" (). Therefore, for all initial realiza-
tions 2° of signals X, the dynamics followed by the agents’ estimates are described by
oI,

Finally, we note that the updating procedure proposed in DVZ is easily nested in our

framework by considering quadratic loss functions. Formally, every agent ¢ minimizes
2
¢; (x — ce) = Z w;; (x; —c)”. (3)
JEN;

for a vector of weights w; € A representing the belief of ¢ about the precisions of the

signals in her neighborhood.

12 As showed in Theorem 1, the class of loss functions we analyze always induce normalized selections

from the solution correspondences.
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Characterization of robust aggregators The robust aggregators analyzed in this
paper emerge as a unifying class for robust estimation problems. Here, we study the
general properties of ¢ that characterize robust aggregators.

The following definition captures the most elementary form of trust in the signals

observed.

Definition 2 The profile of loss functions ¢ is sensitive if, for all i € N and h €
R\ {0},

In words, if agent i observes an unanimous opinion (including herself) her loss is
minimized by declaring this same opinion. Following definition is a form of comple-

mentarity in disagreeing with two or more agents from the same side.

Definition 3 The profile of loss functions ¢ has increasing shifts if and only if, for
alli € N, z,v € R" such that z > v, and h € R,

¢i (z+ he) — ¢ (2) > ¢ (v+ he) — @; (v) . (4)
It has strictly increasing shifts if the above inequality is strict whenever z > v.

We consider the property of increasing shifts because it is very permissive and
naturally emerges from the characterization of Theorem 1. It is implied by stronger
properties usually required on games played on networks, such as supermodularity and
degree complementarity (see, e.g., Galeotti, Goyal, Jackson, Vega-Redondo, and Yariv
[24]). Moreover, we will see momentarily how this corresponds to the generalization of
the convexity assumption imposed in robust statistics.

We call robust the profile of lower semicontinuous loss functions ¢ = (¢;),., that
are sensitive and satisfy increasing shifts. The set of robust loss functions is denoted
by ®x. Next, we formalize the relation between robust opinion aggregators and robust

loss functions.!?

Theorem 1 The following facts are true:

1. If T : B — B is a robust opinion aggregator, then there exists ¢ € ®g satisfying

strictly increasing shifts such that, for everyi € N,

Ti(m):argmi}lgbi(x—ce) x € B.
ce

3Giveni € N and T : B — B, we define T} : B — I as T; (z) = (T (z)), for all z € B.
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2. Conversely, if ¢ € ®r, then the updating correspondence T admits a robust se-
lection T'. Moreover, if each ¢ satisfies strictly increasing shifts, then T =T is a

robust opinion aggregator.

Even though sensitivity and increasing shifts are the properties characterizing ro-
bust aggregation in our model, it might not be immediate to verify that a given profile
of loss functions satisfies them. The following corollary of Theorem 1 is a useful tool
in recognizing loss functions that induce robust opinion aggregators. We first need an
additional definition. Recall that for all z,v € R",

zVwv = (max{z,v;})., and z Av= (min{z,v;});_, .

Definition 4 The profile of loss functions ¢ is supermodular if and only if, for all
1€ N and z,v € R,

¢i (2 V) + i (2 Av) > ¢ (2) + ¢4 (v) .

Let @7, denote the set of profiles of continuous, convex, sensitive, and supermodular

loss functions. One can show that @3 C ®x.!

Corollary 1 If ¢ € @, then the updating correspondence T admits a robust selection

T. Moreover, if each ¢; is strictly convex, then T =T is a robust opinion aggregator.

Within the class of robust aggregators, constant affine and odd aggregators play
key roles in our convergence results in Sections 6 and 7. Natural properties on ¢ permit

to derive these aggregators.

Definition 5 The profile of loss functions ¢ is positive homogeneous if and only if,

for all i € N, there exists a positive function n; : Ry — R such that
¢i (Az) = n; (A) ¢i (2) Vz e R", A e Ry,

The aggregators induced by L,-seminorms considered in the next section, as well
as the Choquet aggregators studied in Section 6.5, are prominent examples of constant

affine operators.
Definition 6 The profile of loss functions ¢ is symmetric if and only if, for alli € N,

bi (2) = ¢; (—2) Vz € R™. (5)

14Gee the proof of Corollary 1. For an example of a ¢; that has increasing shifts but it is not

supermodular, consider

¢i (21,22) = Z% +Z% + ‘211H212|
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Symmetry is always satisfied when the loss function only depends on the absolute
value of the distance between opinions. However, notice that for loss functions that

are not separately additive, the converse does not hold.?
Proposition 1 The following facts hold true:

1. T : B — B is a constant affine robust opinion aggregator if and only if there
exists a positive homogeneous ¢ € ®r with strictly increasing shifts such that, for
every i € N,

ﬂ(x):argrilei}lqﬁi(x—ce) x € B.

2. T : B — B is an odd robust opinion aggregator if there exists a symmetric ¢ € Pr

with strictly increasing shifts such that, for everyi € N,

Ti(x):argmi}q@(x—ce) x € B.
ce

By inspection of the proof of Proposition 1, one can see that more is true. Indeed,
even without strictly increasing shifts, whenever ¢ € ®5 is positive homogeneous, the
updating correspondence admits a constant affine robust selection (and similarly for

odd robust aggregators and symmetric and robust loss functions).

i.i.d. signals and additive separable loss functions (Huber, 1964) Here, we
assume that agents commonly know that the errors € = (g;),. are independently and
symmetrically distributed according to an objective univariate distribution F., which
is still unknown from their perspective. In this case, at period 1, every agent ¢ solves
jen,- Following Huber [32],

each agent ¢ uses an estimator 7T; that, for every signals’ realization x = (a:j)j

an estimation problem with an independent sample (X;)
cn> solves

min ¢; (z — ce) = min )  ai;p; (x; - ¢) (6)

JEN
where p; : R — R, is continuous, convex, strictly decreasing on R_ and strictly
increasing on R,. This shows that problem (1) is a proper generalization non i.i.d.
sample of the estimation method proposed by Huber. Indeed, most of the loss functions

used in the Robust Statistic literature initiated by Huber satisfies the properties we

15To see this, consider

o; (21722) 22%4—2%"‘!‘(21\/0) (ZQVO)+(21/\0) (22/\0).
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exploit: the quadratic loss p; (z) = 22, the absolute loss p; (z) = |z|, and the Huber
loss defined as

pi(2) = (7)

2 if 2l <k
2k |z| — k? else
for some k£ > 0, are examples from this family of loss functions.
Altough not always justifiable in a network setting, player-wise separable losses are
sometimes more tractable and, for this class, it is often easier to recognize when our

properties hold.

Definition 7 The profile of loss functions ¢ is additive separable if and only if there
exist a stochastic matric W € W and a profile of lower semicontinuous functions
p=(pi: R—Ry), .y such that, for alli € N,

¢i (2) = Zwijpz’ (2)) Vz e R".
j=1

Given a profile of additive separable loss functions ¢, we often identify it with

16

the corresponding pair (W, p).'° We denote the set of robust additive separable loss

functions with ¢4, C ®x. The following proposition characterizes the elements of ® 4.

Proposition 2 Let W € W and p = (p; : R = Ry),cy. The following statements are

equivalent:

(1) W,p) € Da;
(ii) (W,p) € By N D%

(iii) for everyi € N, p; is conver, strictly decreasing on R_ and strictly increasing on
R,.

The previous proposition together with Theorem 1 immediately yield the following

result.

Corollary 2 Let (W, p) be an additive separable profile of loss functions. If for all
1 € N, p; is convex, strictly decreasing on R_ and strictly increasing on R,, then the
updating correspondence T admits a selection T which is robust. Moreover, if each
p; 1s strictly convex, then the updating correspondence T = T is a well defined robust

opinion aggregator.

16The use of a stochastic matrix instead of arbitrary weights is without loss of generality given the
additive structure since it can always be obtained applying a strictly monotone transformation to the

original loss function.
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The previous corollary is a useful tool in easily recognizing problems that admit
a unique path of updates derived from a robust opinion aggregator. For example, it
implies that the, for every W € W, the profiles of loss functions ¢ = (W, p), with each
pi defined as in (3) or (15) admit a unique robust updating function.

We close this section by analyzing an important class of loss functions which do
not formally fall within any of the cases considered so far, but that, nevertheless,
admit robust aggregators as updating functions. First, consider all the weighted L,-

seminorms, defined as
1

o (2) =]z pi) ) Vz e R" (8)

piwi <Z Wij ’Zj

JEN

for some w; € A and p; € [1,00). It is straightforward to see that the minimiza-
tion problem with loss function as in (8) admits an equivalent additive separable

formulation. Indeed, Proposition 2 immediately yields that, for all W € W and
b= (pi>7;eN € [LOO)Na
(11

Differently, the weighted L,-seminorm, defined as

Di *
eEPLNDy.
>i6N R A

Ppi,W;

¢i (Z) = HZHoo,wi = .m_aXO|Z]" Vz € an
Wy,
is robust but not additive separable. In particular, one can show that the unique
solution is

1
T (z) = = ( min x; + max :L'j) Vo € B, 9)

Jiw;; >0 Jiw;; >0
which, by Theorem 1 satisfies all the properties defining robust aggregators.
All the weighted L,-seminorms, including L, are positive homogeneous and sym-

metric. Therefore, inspection of the proof of Proposition 1 yields the following corollary.

e = |l
Pi, Wi o0,w; *

To save notation, whenever p; = oo, we let ||-

Corollary 3 If ¢ = (H i 0,

correspondence T admits a constant affine and odd selection T. If in addition p €

b ) for some W € W andp € [1, oo]N, then the updating
iEN

(1,00]", then the updating correspondence T = T is a well defined constant affine,

odd, and robust opinion aggregator.

The previous corollary is relevant because it asserts that the robust aggregators
induced by L,-seminorms satisfy constant affinity, a property that we will exploit in
the next sections to obtain a rate of convergence which is independent of the initial

condition.
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3.2 Additional statistical procedures

Maximum Likelihood Estimation The approach followed by Huber is completely
nonparametric, in the sense that he did not postulate any functional form for the
probability distribution of the error terms. However, an important intermediate case
between Huber’s approach and assuming normality of the error terms is the one that
performs a Maximum Likelihood Estimation of the errors with more general, or merely
different, probability distribution functions. The following result shows how even in
this case, under standard assumptions on the pdf, the aggregator obtained is robust.
As in DVZ, the agents may entertain incorrect point beliefs about the distribution
of the errors, and in particular, we let f; be the pdf of the errors as believed by agent
i, and with f;; its marginal with respect to the error term ¢;. Then, we have the

following.

Proposition 3 If for all1 € N,
fie) =11 £ ).
jEN
and for all j € N, fi; is log-concave and with a unique local maximum in 0, then the

MLE has a selection that is a robust opinion aggregator.

These properties are quite mild and satisfied by several parametric families, such
as the Normal, logistic, Gumbel, Laplace, and skewed Laplace ones. Also, many of
the aggregators studied above can be directly mapped into these families. Indeed, the
Normal case corresponds to the linear aggregator, the Gumbel to the variational one
(see equation (15)), the Laplace to the median, and the skewed Laplace to the general
quantiles (see [38, Remark 2.6.3]). Even if the pdf of the uniform distribution does
not admit a unique local maximum in 0, a similar proof shows that its MLE admits a
robust selection and that such selection is the Choquet aggregator given by equation
(9).

This procedure reduces to the model in DeMarzo, Vayanos, and Zwiebel as a partic-
ular case by letting ¢; ~ N (0, %;), where 3; is a diagonal matrix with diagonal entries
(1/7ij);cn- Here, 7;; denotes the degenerate subjective belief of i about the precision of
j. According to their model, in period 1 every agent i performs a Maximum Likelihood
estimation of i given the initial realizations of the signals in her neighborhood (x?)je N,
and her beliefs (Tij)j N, At period 1, agent i estimate is the weighted average

v =Ti(w) =) wya), (10)
JEN;
Tij
ZzeNi Tie
successive periods ¢t € N, agents naively keep updating their opinions by combining

where the weights w;; = are proportional to the signal precisions. In the

their neighbors’ estimates with the weights just defined, that is, x! = T (z'™1).

17



The rational offered to justify this kind of behavior is persuasion bias: agents ignore
redundancies and treat the new estimates they observe as brand new information.!”
With this, they provide a foundation for the linear DeGroot model based on optimal
information acquisition with a behavioral component. Despite this line of reasoning is
convincing, we note that the exact functional form of (10) essentially relies on several
restrictive hypothesis: the original signals (X;),., are independently and normally
distributed, and every agents correctly conjectures the distributions of the signals in

her neighborhood up to the exact value of the precisions.

Bayesian estimation The updating rule proposed by DVZ has been also rational-
ized as a quasi-Bayesian procedure with a diffuse prior (see [17, Footnote 17| and [30]).
Formally, keep assuming that agents observe the realization of an independent location
experiment X; = u + ¢; and they have an improper prior (i.e., the uniform measure
A over the entire real line). Once she observes the realization of the signals in her

neighborhood, she updates her belief about pu:

e fis (35— 1)
Joo jen, fig (5 — 1) dp

With this, the posterior expectation of each i given x is defined as

_ )% plien, fij (xj — p) dp
)% [Tien, fij (xj — ) dp! '

Note that, whenever each f;; is Gaussian, 7; is a linear function of . However, if we

A (,u\ (xj)jeN) Ve e R", ueR.

T, (x) = Ey [M| ('rj)jeNii|

relax normality, then 7" is only a robust opinion aggregator.

Proposition 4 If for all 1 € N:

fie)=1] £ e3) -
JEN
and for all j € N, fi; is log-concave and symmetric around 0, then the posterior

expectation is a robust opinion aggregator.

L-estimators A last procedure that induces robust opinion aggregators is the use of
L-estimators. When using an L-estimator, an agent takes a linear combination of the
order statistics in the observed sample. They seem particularly appealing for agents

trying to make inference in a network for two reasons. First, they are very robust

1TMore precisely, DeMarzo, Vayanos, and Zwiebel also consider a certain degree of stickiness to the
previous estimate at each round of updating. For a detailed presentation of the dynamics of their

model, see Section 6.6.
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to misspecification of the data generating process for the observed opinions. Second,
they are very easy to compute, since they simply consists into a weighted average
procedure. In addition to their normative appeal in a network structure, they allow
for descriptively relevant biases in information aggregation, since they can be naturally
used to capture the overweighting (as well as the neglecting) of extreme realizations,
see Section 6.5. Finally, we also notice that L-estimators are comonotonic additive,
henceforth constant additive and robust. Such mathematical property significantly

simplifies the analysis of their limit behavior.

Proposition 5 If every agent i € N uses an L-estimator, the induced opinion aggre-

gator is comonotonic additive.

4 Examples

Model uncertainty Notice that nonlinear robust opinion aggregators may also arise
when the agents think that the signals are normally distributed, but they are uncer-
tain about the precision of their neighbors. For example, suppose that agent 7 has a
subjective belief that the variance of the signal of agent j is distributed as

\/21/1‘

Ti j

Uz‘j =
and v; ~ Exp (1). Then, it is well known (see, e.g., [38, Proposition 2.2.1]) that
Xij=p+e;=p+o,Z

where Z is a standard normal, has a Laplace (,u, TL) distribution. Since the MLE
estimators for Laplace observations is the Weightedj median, the previous argument
provides additional motivation for the use of nonlinear aggregators even when signals
are normally distributed. Formally,

T; (r) = min cEI:Zwiijﬁ e T;(x) Vo € B,
Jix;<c

ZéeNi Tie

is alternatively obtained when agents use the absolute distance as the loss function,

where w;; = . In the previous robust estimation framework, such an estimator

i.e., agent ¢« minimizes
oi (x — ce) :Zwij‘xj_d Ve eR" ceR (11)
j=1

where, as before, w; € A. Surprisingly, such a small modification induces dramatically
different dynamics. We analyze more in detail this case in Section 6.5. For now, let us

consider the following example.
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Example 1 A group of agents N = {1, 2, 3,4} share their opinions x = (z1, x3, x3,74) €
[0, 1]4. The subjective beliefs about the precisions of the signals is represented by the

matrix
04 0.3 03 0

03 04 03 0
0.1 0.1 0.2 0.6
0 0 06 04

where the entry in row i, column j represents 7;;. It is immediate (see e.g., Proposi-
tion 1 in Golub and Jackson [27]) that aggregation through weighted averages would
imply consensus in the limit. However, the dynamics induced using the median are

qualitatively different.

o If 2° = (0,1,1,1), then the block of agents agreeing on the higher opinion is
sufficiently large to attract agent 1 to the same opinion, and the limit (consensus)

opinion of (1,1,1,1) is reached in one round of updating;

e However, the prediction of consensus is lost if the initial opinion of player 2 is
slightly lowered. Let z° = (0,1/2,1,1), then their first round of updating gives
x' = (1/2,1/2,1,1) and this polarization will be the limit outcome: A strongly
connected society fails to reach consensus without a sufficiently large block of

initial agreement;

e Finally, consider 2° = (0,1/2,0,1). Then agents’ first update is z' = (0,0, 1,0)
and agents 1 and 2 will never change opinion again, whereas agents 3 and 4
will keep reciprocally switching their opinions. This example shows that also

convergence may not be guaranteed. A

This is just an example of a more general fact. By [59], we know that every distrib-
ution in the exponential power family can be obtained as a mixture of normals. Since
the exponential power densities satisfy the assumptions of Proposition 3, it immedi-
ately follows that robust opinion aggregators rationalize the behavior in face of various
forms of uncertainty about the precision of the signals of the other agents.

More generally, agents may be hold a belief about the profile of precision of their
neighbors. In principle, they may feature different combinations of perceived uncer-
tainty and attitudes towards that uncertainty (see Hansen and Marinacci [31]). In
the previous example, uncertainty about the precision is captured by a Laplace prior,
and the agents have neutral attitudes towards uncertainty in that they treat their sub-
jective uncertainty about the precision and the objective randomness of the signals
symmetrically. However, it may well be the case that the agents are more averse to the

subjective component of uncertainty, see [31] and the references therein. For example,
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given a belief £ € A (A (N)) where an element w; € A (N) is a profile of (normalized)
precision of the agents, he may solve a problem of the form
min [ FOS i (o = o) 103w (e = ) ). (12)

ceR
jixj>ce Jix;<c

In words, the agent is minimizing the expected disutility of right and left deviations
from the observed signals. Here, the term f captures the extent of the aversion to
subjective uncertainty. Whenever the function f is convex, the agents are averse to

subjective uncertainty and, by Proposition 1 the resulting opinion aggregator is robust.

The second weakness of (3) is that upward and downward discrepancies from the
observed opinions are felt as equally harming by every agent. However, it might well
be the case that (some) agents dislike more one or the other. One easy example of this

kind of behavior is the asymmetric version of (11). Formally, we define
¢i (x — ce) = oy Z wi; (r; —c)+ (1 — ) Z w;; (¢ — x)) Ve e R",ceR (13)
jixj>ce Jix;<c

where a; € [0,1]. Note that, whenever ; = 1/2, the loss function in (13) reduces to
the one in (11). Moreover, (one of) the solution functions of the minimization of (13)

are given by!'®

minj:wipo x; if a; =0
T (@) = min{cel:Y,, wy>a) if w€(01)  VeeB, (14)
ma‘Xj:’wi]'>O m] /Lf O[i = 1

which is exactly the (weighted) quantile function for the distribution of observed opin-
ions. Quantile functions capture the behavior of agents who have a bias in favor of
relatively extreme stances (o; close to 0 or 1) or relatively moderate ones («; close to
1/2).

The quantile functions are nondifferentiable and, even though we do not rely on
differentiability properties for our main results, smooth aggregators can be more easily
analyzed in most applications. A smooth and tractable robust opinion aggregator is

obtained by letting A € R\ {0} and considering the following loss function:

¢} (x — ce) Zwm exp (A (z; —¢)) — A (z; —¢)) Ve eR" ceR (15)
JEN
In particular, whenever \ > 0, upward deviations from i’s current opinion ¢ are more
penalized than downward deviations and vice-versa whenever A < 0. Figure 1 compares
the quadratic loss with the asymmetric one with A = 1. Some interesting comparative
statics hold for the loss function in (15).

18Gee, for example, Section 1.3 in [36].

21



Figure 1: Smooth asymmetric loss

Proposition 6 If the loss function is as in (15) with W € W and X\ € R\ {0}, the
following facts hold true:

1. The solution function is given by

1 n
T () = Xln <Z w;; exp ()\:L'j)> Vx € B.

j=1
2. It captures the DeGroot model as a limit case:

max;.,; >0 T; 1f A=00
A=0

. A .

lim T, (®) =9 Y wyr; if

~ .
ming.,;~o¥; 1f A= —00

Vr e B.

3. If the underlying network W structure is such that the linear aggregator would
have obtained consensus in the limit, i.e., there exists an influence vector s € A
such that

then

e the limit opinion s

li¥n (TA (g;))t _ (% logz S; €Xp (x\fU,)) e

1EN
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and the limit influence of each agent is increasing (resp., decreasing) in his
initial opinion when A >0 (A <0)

0 lim (7 ($>)t _ sjexp (Ar;)

dxj t - Y siexp (M)

e Given two agents i, j sharing the same influence under the linear model i.e.,
such that s; = s;, if their initial opinions are more dispersed (resp. more

concentrated) in the second order dominance sense, then the limit consensus

is higher (lower) when A >0 (A <0).

Again, we see another prediction of the linear model reversed. It is not just the
network structure W that determines the limit influence of each agent, but the ini-
tial opinion also plays a key role. Indeed, when A > 0, the higher the initial signal

realization of an individual, the higher her weight in the limit.

5 Conditions for convergence

Next, we explore how the network in our statistical foundation can be connected with

the conditions guaranteeing convergence to consensus.

Proposition 7 Let ¢ € @i be differentiable with gradient locally Lipschitz and such
that
¢; (24 hejse) — ¢ (z;€) > eyh - V2 e R h e Ry. (16)

for some €;; > 0. Then, for every robust selection T' of T, j strongly influences i when

I is compact.

The condition of equation (16) has already been used to obtain a monotone best
response in economics, see the concept of state monotonicity in Frankel, Morris, and
Pauzner [21]. In the case of a separable ¢;, an easy to check sufficient condition for

(16) can be given.

Corollary 4 If (W, p) is such that for alli € N, p; is twice continuously differentiable

and strongly convex, then T is single valued and
w;j > 0 <= j strongly influences i
when I is compact.

Examples of loss functions for which equation (16) can be used to check monotonic-

ity include the quadratic loss, the exponential loss, the pseudo-Huber loss, the loss
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inducing the variational weighted average, as well as the loss for uncertainty averse
agents (12) when f is twice differentiable with second derivative strictly larger than 0.

Finally, the results in Section 7 highlight the importance of not having a single
agent being too influential for the others. The next result bounds the weight of agent

J opinion on agent i, as the number of source of information of i (i.e., IV;) increase.

Proposition 8 If (W, p) is such that for alli € N p; is twice continuously differentiable

with pf >0
1
Wi S {0, E}

and I is compact, then T; is differentiable and there exists ¢ such that

¢
T; < ;€ N.
VT, (z) < i, |Nk|€ Vi €

6 Convergence

In this section, we study the long-run evolution of opinions in a society characterized
by a robust opinion aggregator. We already know from Example 1 that the induced
dynamics may be qualitatively different from the linear case: the extent of polarization
or consensus attained in the limit, as well as the identity of the groups agreeing on a
particular issue depends on the initial distribution of opinions in the society.

Here, we proceed by showing that robust opinion aggregators always induce a
weaker form of convergence of opinions, i.e., the convergence of the time averages.
Given this result, we give general conditions under which standard convergence is ob-

tained, and we study the stability and consensus properties of the limit.

6.1 Convergence of time averages

Section 3 shows that a more robust foundation of opinion aggregation leads to aggre-
gators that are not linear. In light of this, given an initial opinion z° the study of its
evolution via the sequence of updates {T" (2°)},. cannot rely on the results developed
for the classical DeGroot’s model (e.g., Berger [7], Jackson [35, Chapter 8], and Golub
and Jackson [27]). In the nonlinear case, it is not even obvious what kind of dynamics
might arise. For example, a priori one cannot rule out that the behavior of the sequence
of updates might depend heavily on the initial condition 2° (e.g., convergence vs non-
convergence, rate of convergence, etc.). The following section is devoted to studying
the properties of robust opinion aggregators and the behavior of their sequences of
updates {T" (2°)},cn-

As mentioned, the use of the adjective robust is based on the foundation of these

opinion aggregators. Despite the name though, one is left to wonder whether or not
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these aggregators might generate chaotic dynamics. Indeed, chaotic behavior for dis-
crete deterministic dynamical systems is often defined by allowing for dynamics which
are not robust to the initial conditions.

The following property, dubbed sensitive dependence on initial conditions, is often
interpreted as the mathematical translation of the “butterfly effect” and, to the best
of our knowledge, is a requirement in most of the available formal definitions of chaotic
maps (see Devaney [18, p. 49] and Robinson [54, Section 3.5]):!

I >0,Vz € B,Ve>0,3yeB,3teNst. [z—yl,<eand |T(z) - T (y)HOO > 7.
(17)
In other words, a small change ¢ in the initial condition, say from z to y, might generate
very different dynamics. The t-th iterates are separated, no matter how close z and y
might be and despite T' being potentially continuous. This is a troublesome feature if
computer simulations are involved since different approximations of either the initial
condition or the iterates might generate very different sequences of updates.?’ Chaotic
behavior would be exactly the opposite of robustness when it comes to the dynamics
of the updates. The following simple result shows that a robust opinion aggregator

violates (17) and therefore its dynamics will not be chaotic.

Lemma 1 If T is a robust opinion aggregator, then T" is nonexpansive for all t € N.

In particular, T is nonexpansive and violates condition (17).

The previous lemma rules out the possibility of chaotic behavior, but it is also mute
in terms of the limit behavior of the updates. In particular, one might be interested
in the convergence of the sequence {T" (2°)}, given a specific 2° or, more in general,
in the convergence of {T" (x)},.y, irrespective of the x chosen. The first one is a local

property, and the second one is global. We crystallize these observations in a definition.

Definition 8 Let T' be an opinion aggregator. We say that T is convergent at z° if
and only if lim; T* (z°) exists. Moreover, we say that T is convergent if and only if T

18 convergent at each x in B.

We cannot expect to obtain that robust aggregators are convergent in general since
this statement is already false for the linear case. The next example using a simple

linear aggregator illustrates our first convergence result.

19 An example of a chaotic map, thus satisfying (17), is the tent map which is defined by assuming
n=1,1=10,1], and

2 <z<i
T (z) = voo0sTEE .
2(l-2z) 3<z<1

Note that T is continuous.
20See Devaney [18, p. 49] for a discussion.
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Example 2 Let B = [0, 1]2 and consider the case in which aggregation is linear with

W:(g;).

Consider 2° € B. Clearly, {T" (2°)},.y converges if the components of z° coincide, that

matrix

is 2° € D, while {T" (z")},_ oscillates with period 2 whenever the first component of
20 is different from the second one. At the same time, this feature allows us to say
that the time averages of the updates converge, no matter what is the initial condition,
that is,

1 < T1+
C—limTt(x)zlim—ZTt(x):( Lt 2)6 Vx € B.
t T 2
Later, in Corollary 5, we will show that each robust opinion aggregator, be linear or
not, is convergent in this weaker sense. Moreover, Proposition 9 will show that the
Cesaro limit of a generic sequence of updates is a fixed point of T', provided 7' is linear.

A

In dealing with the issue of convergence, we thus first focus on Cesaro convergence

of the updates {T" (2°)},.. We do so for two reasons:*'

1. If given an initial condition z° the updates T" (z°) converge, then {T" (2°)},

converges a la Cesaro and?
T T (20) — Tire Tt (0
C —lmT" (2°) = imT* (a7) . (18)

Intuitively, if a sequence of updates converges, then their time averages con-
verge too and to the same limit. Therefore, conditions on 7" which yield that
C — lim; T" (x) exists for all € B are conceptually the weaker counterpart of

assumptions which deliver the convergence of T

2. Example 2 illustrates the fact that the opposite cannot be true, that is, conver-
gence on average does not yield standard convergence. It is a classic example of
a more general fact: Cesaro convergence is strictly weaker than standard con-
vergence. At the same time, Tauberian theory is the study of conditions that
paired with Cesaro convergence (or other weaker forms of convergence) imply
convergence.? Therefore, we first study which properties of 7" yield the existence
of C'—lim; T* (2°), and at a later stage, we study conditions on T" which play the

role of Tauberian conditions.

2IThe notion of Cesaro limit has been used already in the networks literature by Golub and Morris
[29]. In particular, they explore the convergence of Abel averages. Under their assumptions, this

convergence is equivalent to Cesaro convergence.
22Gee, e.g., A30 in Billingsley [8].
23We refer the interested reader to Korevaar [37].
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The next result and its corollary show that nonexpansive and, in particular, robust
opinion aggregators do not generate wild dynamics, but rather well-behaved ones.
Indeed, for each x € B, the time averages of the sequence of updates always converge.
Moreover, such a convergence is strong, being uniform. Since convergence is uniform,
the rate of convergence is independent of the initial condition z° (cf. Theorem 4). We
start by stating the result for nonexpansive opinion aggregators defined over a compact
set.24

Theorem 2 Let T' be an opinion aggregator. If B is compact and T is nonexpansive,
then
C — li{n T (x) exists Vx € B. (19)

Moreover, if T : B — B is defined by

T(z)=C - li{n T (z) Vr € B, (20)

then T is continuous and such that T o T =T as well as

lim (sup ) = 0. (21)
T z€EB -~

The following corollary is the consequence of combining Lemma 1 with the previous

IS T @)~ T (o)

T
t=1

result. It shows that for robust opinion aggregators the same conclusions of Theorem 2
hold even if one dispenses with the assumption of B being compact. Nevertheless, by
dropping compactness, uniform convergence will happen only if we restrict attention

to bounded subsets.

Corollary 5 Let T be an opinion aggregator. If T is a robust opinion aggregator, then
T is nonexpansive and (19) holds. Moreover, if we define T as in (20) and B is a
bounded subset of B, then

> = 0. (22)

lim | sup
T \zeB

To sum up, Theorem 2 and Corollary 2 contain two main messages: one conceptual

1X:Tt(x)—f(x)

t=1

and one mathematical. The conceptual message is linked with our results on the
wisdom of the crowd, see Section 7. There, we will give conditions under which the
Cesaro limit of the updates converge to a true underlying parameter when the size of
the society goes to infinity. If the robust opinion aggregators considered there happen to

be convergent then we have the wisdom of the crowd, i.e., the agents are going to learn

24In Appendix B (see Remarks 3 to 5), we discuss the relation of our results with the mathematical
literature of nonlinear ergodic theory and fixed point theory.
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the true parameter. Instead, if they are not, the fact that robust aggregators are always
Cesaro convergent guarantees wisdom from the crowd, i.e., an external observer that
can compute the time averages in a part of the society will extract enough information
to learn the truth. From a mathematical point of view, in order to address the problem
of standard convergence, all we need is a condition that paired with the convergence
of time averages yields the usual convergence in norm. In light of the classic paper of
Lorentz [41], we know that such a condition exists (termed asymptotic regularity; see
Definition 11) and

uniform Cesaro convergence + asymptotic regularity = convergence. (23)

Note that, given a sequence of vectors (the iterates T (x°) in our case), uniform Cesaro
convergence alone does not guarantee convergence (cf. Example 2).° At the same time,
it is easy to show that the regularity condition alone does not guarantee convergence.?
Thus, both conditions are essential to obtain standard convergence.

Before discussing more formally this latter intuition, we first address the issue of

what are the limits of the convergent sequences of updates.

6.2 Equilibria

As previously argued, our strategy is simple. We first observe that robust opinion
aggregators generate a weaker form of convergence. We use this weaker form of con-
vergence as a stepping stone toward conditions that guarantee standard convergence.
At the same time a natural question, paired with the issue of convergence, is about the
limit itself. In other words, if lim; 7" (2°) exists, what is it and what are its properties?

In order to answer these questions, fixed points of the operator T" will play a funda-
mental role. Moreover, they have a natural interpretation: they characterize situations
where an opinion distribution does not change once reached. This justifies the following

definition.

25See also Theorem 11 and Remark 4, in the appendix, for a formal statement of Lorentz’s result

and for a discussion of the related mathematical literature.
26Given a sequence {#t}en € R, the regularity condition we will consider momentarily is
limy ||z441 — 2¢]|, = 0. For example, consider the sequence z; in [0,1] defined by

1 : 1
Tip1 + T2 if ¢y < Tiq and Tip1 + T2 <1

1 : 1
Ti41 — ;) if T < Ti41 and Ti41 + +2 >1 Vi e N

1'1:171'2:*,1')54,2: 1 . 1
2 Ti41 — ;) if Tt Z Ti41 and Ti41 — ;) Z 0

1 : 1
Tt41 + ;) if Tt > Tt41 and Ti41 — -2 <0

It is immediate to see that {z;},. satisfies the regularity condition, but does not convergence, since

it oscillates in [0, 1].
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Definition 9 Let T' be an opinion aggregator. The point & € B is an equilibrium of
T if and only if T (z) = Z. The set of equilibria is denoted by E.

The notions of equilibrium and convergence are tied to each other. If a sequence of

updates converges, then it necessarily converges to an equilibrium.

Lemma 2 Let T be an opinion aggregator and 2° € B. If T is continuous and
{T" (2°)},eny converges to T, then & € E. Moreover, if T is robust and convergent
and T is defined as in (20), then T (z) = lim; T* (x) € E for all z € B.

This simple lemma clarifies the role played by the operator T : B — B as defined
in (20). Indeed, given 2° € B, if T is robust, then T (z°) is the opinion to which the
time averages of the updates converge. If T" further happens to be convergent, then
T (2°) is the equilibrium opinion to which the sequence of updates converges to. It is a
simple mathematical result, yet it stresses how strong is the property of convergence.
Indeed, in contrast, if C'—lim, T* (z) exists, but lim; 7" (x) does not, then it might not

be true that C' — lim; T* () is an equilibrium.
Example 3 Assume that T : [0,1]> — [0,1]” is defined by

T (x) = (max {xq, 23}, T3, T3) Vr € R®.

It is immediate to check that the operator T is robust. Set z° = (1,0,1) and
L 42 a

(1,1,1). It follows that C' — lim, T" (2°) = (1,%,%) =& and T (2) = (3,

7272

The next result generalizes Example 2 and shows that C' — lim, 7" (z) might not be

an equilibrium only for nonlinear opinion aggregators.
Proposition 9 If T is a linear opinion aggregator, then T (x) € E for all x € B.

An important subset of equilibria that are always present in our framework is the
consensus subset. Formally, these vectors are the constant ones, and they represent a

situation in which all agents share the same opinion.

Definition 10 Let T be an opinion aggregator. We say that'T" is a consensus operator

if and only if the only equilibria T' might have are vectors of the type ke with k € 1.

The properties of convergence and being a consensus operator are separate and
independent. To wit, the opinion aggregator 7" in Example 2 is a consensus operator,
but not a convergent one, while the identity operator is convergent, but not a consensus
operator. Following result provides a necessary and sufficient condition for an opinion

aggregator to be a consensus operator. This condition is easily checked to be implied
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by several types of convergent opinion aggregators we study: namely, the ones that
satisfy either the uniform or the pairwise common influencer property (see Sections
6.3.1 and 6.4). Before stating our result, we need to introduce an ancillary object: the
map J : B — [0,00) defined by

5(x)—{mm”' ”’501’95 zj zZD Ve € B.

Intuitively, 0 (z) is a minimal measure of heterogeneity of opinions within x.

Proposition 10 Let T be an opinion aggregator. T is a consensus operator if and only
if for each x € B there exists € (x) € (0,1) such that

1T (z) =zl 2 e ()6 (z). (24)

We conclude by discussing three properties which yield that 7" is a consensus oper-
ator. The properties will be formally defined momentarily since they are also sufficient
conditions for the convergence of T'. Intuitively, the uniform common influencer prop-
erty amounts to say that there exists an agent k whose opinion influences all the
agents. The pairwise common influencer property is a weakening where each pair of
agents (i, 7) € N x N is influenced by a pair dependent third agent & (i, j) € N. Finally,
strong connectedness boils down to saying that, at least in the long run, agents will

influence one another.

Proposition 11 Let T' be a normalized and monotone opinion aggregator. T 1is a

consensus operator provided one of the following holds:
a. T has the pairwise common influencer property;
b. T has the uniform common influencer property;

c. T is strongly connected.

6.3 Standard convergence

In this section, we focus on properties that allow us to conclude that an opinion aggre-
gator T is convergent at z° or is convergent tout-court. Most of our global conditions
will turn out to be monotonicity properties of 7" which are connected to the notion of

asymptotic regularity.

Definition 11 Let T be an opinion aggregator. We say that T is asymptotically
regular if and only if for each x € B

lim || 7% () — T* (2)|| , = 0. (25)
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At first sight, condition (25) might be mistaken for the Cauchy property. In other
words, it might seem obvious that if {T" (2°)},  satisfies (25), then 7" (2°) converges
(being R™ complete) and to a point of B (being B closed). On the one hand, (25)
is much weaker then the Cauchy property.?” On the other hand, it is a Tauberian
condition. In other words, if 7" is a nonexpansive opinion aggregator, then the time
averages of {T"(x)},. converge uniformly (see Theorem 2). If {T"(z)},.y further
satisfies (25), then this is enough to show that C' — lim; 7" (x) = lim, T* (z) (see also
the equality in (23) and the discussion there). The following two results contain the

above observations.

Theorem 3 Let T' be a nonexpansive opinion aggregator and 1° € B where B is

compact. The following statements are equivalent:

(1) T is convergent at 2°;
(ii) T is convergent at 2° and lim; T* (z°) is an equilibrium;

(iti) Timy || T (%) = T* () = 0.
Before moving on, we discuss an example in order to illustrate the local nature of
the previous result. We will do so in the linear case. Proposition 12 will show that the

observations below apply all the more for the nonlinear case.

Example 4 Consider the case in which B = [0, 1]4 and the aggregator 7' is linear with

matrix

_ o O O
S = O O

O O Wik =
O O wio o=

Consider z° € [0, 1]4. If 2° = (a, 3,7,7) with a, 8,7 € [0, 1], then one can show by

induction that
|77 (2%) = T* (2°)[| . <21 = )" [|2°]|,

where ¢ can be chosen to be 1/2. If 2° = («, 8,7, d) with a, 3,7, € [0,1] and ~ # 6,
then
|7 () =T (2%)]| . > v =48] >0  VieN.

By Theorem 3, in the first case, T' is convergent at 2°. In the second case, it is not. A

27Gee also Footnote 25.
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As the example above clarifies, the property lim; |7 (2°) — T (2°)|| = 0 is a

[
local one. However, an important difference between our aggregators and the linear
one is the relation between local and global conditions in the case of convergence to

consensus, as captured by the following result.
Proposition 12 Let T be a linear aggregator. Either
(i) T is a convergent consensus operator,

(ii) or the set
{xe B : lim T* (x) :keforsomekel}

t—o00

has (Lebesgue)-measure 0.
This is not the case for general robust aggregators.

The previous proposition is telling us that generically, in the linear case local con-
ditions for the convergence to consensus imply global ones. This is not generally true
for robust opinion aggregators. At the same time, if we require the condition for con-
vergence (i.e., limy |7 (2°) — T (20)

require 7" being asymptotically regular), then it yields a remarkable form of conver-

= 0) to hold globally (this is equivalent to

oo

gence, provided T is also constant affine.

Theorem 4 Let T be a robust opinion aggregator. The following are equivalent facts:
(i) T is asymptotically reqular;
(ii) T is convergent.

Moreover, if T is constant affine, then they are also equivalent to the following:

(iii) There exists {c;},cy € [0,00) such that ¢, — 0 and

|T (z) — T (x)HOO <z, vVt € N,Vz € B. (26)

The previous result shows that asymptotic regularity characterizes convergence for
robust opinion aggregators over B. In this case, the condition of compactness of B can
be dropped. Moreover, under constant affinity (which is satisfied in several relevant
cases, cf. Sections 3.1 and 6.5) the condition (26) allows us to conclude a remarkable
feature of constant affine robust opinion aggregators. Indeed, if T" is convergent, then
the rate of convergence, captured by the sequence {c;}, ., is independent of the initial
condition x. That said, asymptotic regularity is hard to interpret in terms of economic
intuition. In what follows, we discuss different properties, whose economic interpreta-
tion seems more immediate, which yield asymptotic regularity. By being stronger than
asymptotic regularity, we will also be able to say more about the rate of convergence

and the limits of the updates.
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6.3.1 Monotonicity, convergence, and rate of convergence

The next part of the section is devoted to discussing elementary notions of monotonicity
of T'. Their economic interpretation is rather intuitive, while mathematically they turn
out to imply asymptotic regularity, hence convergence. Moreover, as the next section

will illustrate they also have a natural network interpretation.

Definition 12 Let T' be a robust opinion aggregator. We say that T is self-influential
if and only if there exists € € (0,1) such that for eachi € N, y € B, and h € R such
that y + he; € B

Ti (y + he;) = T; (y) = eh. (27)

From an economic point of view, this property characterizes a situation where the
opinion of each agent has a form of own history dependence. Indeed, if we focus on
a generic agent ¢, given two instances x and y, if the only difference is the agent’s
opinion, say x; > v;, then her revised opinion is strictly higher in the first instance
than in the second one. In a repeated setting, information gathered in the past is not

entirely dismissed in light of new evidence.

Theorem 5 Let T be a robust opinion aggregator. If T is self-influential, then T s

asymptotically reqular and, in particular, convergent.

The previous result is quite strong since a very intuitive and weak condition yields
dynamics which are rather well behaved. So one might be left to wonder what type of
aggregators might fail to be self-influential. The next example discusses two important

cases.

Example 5 Assume 7T is linear with matrix W. Clearly, T is not self-influential
if and only if there exists an agent ¢ such that w;; = 0, that is, an agent whose own
opinion never enters in her updating rule. Another important example of robust opinion
aggregators which may fail to be self-influential are those such that each T} corresponds
to a quantile functional (see Section 6.5 for a characterization of the dynamics induced
by these aggregators). The intuition, in this case, is simple. Quantiles tend to disregard
outliers, be those the opinions of the agent or not. In this case, an aggregator of this

kind is self-influential if and only if it is the identity (see Proposition 15). A

We proceed by studying conditions which guarantee the convergence of 7. The
following two conditions have both a common mathematical and economic intuition.
From a mathematical point of view, they are monotonicity conditions as before. From
an economic point of view, they correspond to the idea that each pair of different agents
(1,7) shares a joint third agent k& whose opinion matters, where k& might be shared or

not across pairs (Definitions 13 and 14 respectively).
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Definition 13 Let T' be an opinion aggregator. We say that T has the uniform com-
mon influencer property if and only if there exist k € N and € € (0,1) such that for
eachi € N,y € B, and h € R such that y + he, € B

Ti(y + hey) — T; (y) > eh. (28)

This property is better understood in light of the network interpretation of a robust
opinion aggregator. In Section 6.4, we argue that every opinion aggregator induces a
network. The existence of a uniform common influencer k requires an extreme centrality
for that agent. Indeed, all the standard centrality measures used in the Social Network
literature are maximal for k.

Following result shows that the uniform common influencer property yields asymp-
totic regularity. Moreover, it delivers a very strong form of convergence. Indeed, the
sequence of updates always converges to consensus (see Proposition 11) and exponen-
tially fast: thus, in (26) we can choose ¢; = 2 (1 — ¢)" and we can dispense with constant
affinity.

Theorem 6 Let T be a robust opinion aggregator. If T has the uniform common
influencer property, then T () = lim; T* (z) € D for all x € B and

|7 (z) = T"(2)]| , <2(1—¢)||lz]l,  VtEN,VzeB. (29)
A version of the previous result holds even if a weaker form of monotonicity holds.

Definition 14 Let T be an opinion aggregator. We say that T' has the pairwise com-
mon influencer property if and only if for each i,7 € N with j # i there exists k € N
and €;; € (0,1) such that for each y € B and h € R such that y + he, € B

T; (y + hex) — T (y) > €izh and Tj (y + hey) — T (y) > €45h. (30)

Under this weaker property, we do not require the existence of an extremely central
agent k. However, for every pair of agents, there must be an individual whose opinion is
relevant for both of them. Intuitively, this is a minimal requirement about the presence
of a source of information trusted by both agents. A typical situation where we expect
the pairwise common influencer property to hold is one of asymmetric networks with
a bunch of media listened by the other agents. If there is a minimal overlapping in the
media listened by the agents, the property holds.

The next result shows that the pairwise common influencer property yields a strong
form of convergence. Indeed, the rate of convergence is almost exponential: thus, in
(26) we can choose ¢; =2 (1 —¢) L) for some ¢ € (0,1) and £ € N and also here we can

dispense with constant affinity.®

28Recall that, given s € (0,00), |s] is the integer part of s, that is, the greatest integer [ such that
s> 1.
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Theorem 7 Let T' be a robust opinion aggregator. If T has the pairwise common
influencer property, then T (x) = lim; T* (x) € D for all x € B. Moreover, there exist
£€(0,1) and t € N such that t <n? —3n+ 3 and

|T () = Tt (@)||_ <20 -l Jall,  WeeNvzeB (31)

6.4 A network interpretation

In the standard DeGroot’s linear model and its variations (see, e.g., Golub and Jackson
[27, Proposition 1] and DeMarzo, Vayanos, and Zwiebel [17, Theorem 1]), convergence
to consensus is characterized in terms of the connectedness of an underlying network
structure. In what follows, we extend the notion of the underlying network structure to
the nonlinear case, and we prove that the characterization of convergence to consensus
for the linear case is a sufficient condition for convergence to consensus for robust
opinion aggregators.

Consider the population N. We will say that agent j strongly influences ¢ if and only
if there exists ¢;; € (0,1) such that for each y € B, and h € R such that y + he; € B

T,(y + hey) — T, (y) > eh. (32)

The interpretation of (32) is simple: if the opinion of j increases by h the update of i
increases at least by ¢;;h. Consider now the directed network given by the adjacency
matrix A (T) such that:*

a;j =1 <= j strongly influences i

a;; =0 <= j does not strongly influence i.

This graph is the minimal network underlying the operator, since the condition for
a;; = 1 is strong, it requires that 7 is influenced by j starting from every vector of
opinions y. The fact that this network is a lower bound to the connections in N will
be evident in Example 6 and the study of Choquet aggregators in Section 6.5.

Next, we translate some standard Social Network properties in the framework of

our aggregators.
Definition 15 Let T be an opinion aggregator. We say that:
1. N' C N is closed under T if and only if i € N' and j ¢ N’ implies a;; = 0;

2. N' C N is strongly connected under T if and only if A(T) restricted to N’ is
an irreducible matrix. We say that T is strongly connected if and only if N 1is

strongly connected under T';

29Note that, differently from the linear case, it is completely plausible that given an agent i, there

is no agent j strongly influencing her.
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3. N’ C N is aperiodic under T if and only if A(T) is aperiodic when restricted to
N'. We say that T is aperiodic if and only if N is aperiodic under T .

Notice that when T is linear, the definitions above coincide with the usual ones. We
conclude by studying the convergence properties of robust opinion aggregators whose
induced network satisfies the conditions for convergence to consensus that have been
established for linear operators. Recall that a linear operator 7' is convergent to a
consensus if and only if there exists a unique closed class N’ C N such that N’ is
strongly connected and aperiodic under T' (see, e.g., Jackson [35, Corollary 8.3.1]).%°
Next proposition shows that this condition, plus nontriviality of the network, is suffi-

cient for convergence to consensus of robust opinion aggregators too.
Theorem 8 Let T be a robust opinion aggregator. If

a. no row of A(T) is null,

b. there exists a unique closed and strongly connected class N' C N under T, and

N’ is aperiodic under T,

then T (z) = lim; T* (x) € D for all x € B,
Moreover, there exists € € (0,1) and t € N such that

T () - T ()| . <2 -l 2, vteNvzeB (33)

Also, we have that t < |N'|?> — 4|N'| + 3 +n, and if T is also self-influential, then
t<n-—1.

In many applications of the linear model, convergence to consensus is obtained by
assuming that the matrix W is irreducible. Irreducibility of W is equivalent to assume
that the entire underlying network is strongly connected. A similar observation holds

for the nonlinear case as an immediate corollary of our previous result.

Corollary 6 Let T be a robust opinion aggregator. If T is strongly connected and
aperiodic, then T (z) = lim; T* (z) € D for all x € B. Moreover, there exist € € (0,1)
and t € N such that

|T () - Tt ()| <20 -l Jall,  WweNvzen (34)

Also, we have that t < n® —3n+ 3 and if T is also self-influential, then t < n — 1.

30Tn this case, without loss of generality, we will always think of N’ as being equal to the first |N'|
agents, that is, N = {1, ..., |N'|}.
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Given the above results, one is left to wonder whether strong connectedness and
aperiodicity are also necessary for convergence to consensus. Indeed, in the linear case,
given the existence of a unique strongly connected and closed class, aperiodicity is both
sufficient and necessary. Interestingly, this fails to be the case for robust aggregators,

as the following example illustrates.

Example 6 Let B = R? and let T : R? — R? be defined for each z € R? as

Tl(aj):{ To Zf T > To

m_1+m_2 Zf 3322371

It is easy to check that T is a robust opinion aggregator such that:3!

A(T)z(? (1) >

Thus, T is strongly connected, but it fails to be aperiodic. Nevertheless, it is easy to
show that
lim 7" (z) = m%n {os, 22} Vr € R?
t min {xq, x2}

A

The fact that aperiodicity might fail to be necessary is the consequence of our defi-
nition of network underlying an operator 7T'. For, the definition of A (T) is conceptually
the definition of a minimal network. Loosely speaking, a;; > 0 if and only if ¢ is in-
fluenced by j at every possible initial opinion. In the linear case, local conditions are
global: if 7 is influenced by j when the vector of opinion is x, she is influenced by j for
every other possible opinion. This is not the case for general robust aggregators. In the
previous example, 1 is influenced by herself if and only if x5 > x1, and therefore a;; = 0.
However, it turns out that regardless of the starting opinions, she will be influenced by
herself infinitely often, and this is enough to have convergence to consensus.

On a similar note, we should be cautious in concluding that, since the conditions
inducing consensus for robust aggregators resemble the one for the linear case, we can
follow the insights from the latter to study whether polarization or consensus will be
reached in the limit. Indeed, when the aggregator is linear an analyst interested in
consensus may be tempted by the following procedure: postulate a network structure

W € W such that W is convergent to consensus, and check whether

V(7,7) - w;; > 0, there exists x € B, h > 0 such that T} (x + he;) — T; (x) > 0. (35)

31 Actually, T is a Choquet aggregator (cf. Section 6.5).
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Having this guarantees to the analyst that consensus is reached in the limit, since W
will be absolutely continuous with respect to the real social network W, so T = W (-) is
always convergent to consensus, too. However, such a conclusion is always unwarranted

in the case of robust aggregators.

Proposition 13 Suppose that n > 2, and let W € W be a convergent consensus
operator. Then, there exists T robust satisfying (35) such that consensus is never

reached in the limit unless the initial opinion is already a consensus.

Despite this negative result, when we know the loss function originating our ag-
gregator, it is possible to use it to check whether agent j strongly influences agent i,
see Proposition 7 and Corollary 4. However, these results do not cover an important
case analyzed in Section 3.1: the aggregators derived from L,-seminorms, since they
usually have a;; = 0 for all ¢ and j in N. However, a different proof technique shows
that, whenever the underlying network structure W € W satisfies the pairwise common

influencer property and p > 2, consensus is always reached in the limit.

Proposition 14 Suppose that the profile of loss functions is given by ¢, and for all
i€ N

Pi

i (2) =Y wij |z

jEN
with p; > 2 and W scrambling. Then, the robust opinion aggregator T' obtained as the

unique best reply function to ¢ is a convergent consensus operator.

The following example shows that by relaxing linearity, our aggregators are able to
capture the idea that the weights agents assign each other are not entirely separable
from the differences in what they think. In particular, robust opinion aggregators also
arise naturally when the standard DeGroot model is modified to allow for confirmatory

bias on top of the social network structure proposed above.

Example 7 (Confirmatory bias) It is often argued that in some societies individ-
uals tend to trust more those people whose opinion confirms their original prior. This
phenomenon can be captured by the modification of DeGroot’s linear model proposed
in Jackson [35]. As in the linear model, the society is represented by a stochastic
matrix W where w;; is the weighted assigned by individual ¢ to agent j. However, to

aggregate opinions every individual downweight the agents who disagree the most with
her:

where
e~ ijlTi—;]

Wij ($> - Zzzl e Viklzi—zk]
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with ~;; € (0,1]. Here, # captures the relative strength of the weight assigned by
individual ¢ to agent j net of the difference in their opinions. Let I = [0,1]. It is easy
to see that the aggregator T is robust and satisfy some of the monotonicity conditions

that guarantee convergence, e.g., self influence. A

6.5 Choquet aggregators

In this section, we consider a particular example of robust opinion aggregators. This
class encompasses linear opinion aggregators, as well as those aggregators whose com-

ponents are either any quantile functional (e.g., the median) or any order statistics.

Definition 16 Let T be an opinion aggregator. We say that T is a Choquet aggregator

if and only if T' is normalized, monotone, and comonotonic additive.

It is routine to show that Choquet aggregators are constant affine and, in partic-
ular, robust. Right below, we offer a characterization which turns out to be useful
in exploring the behavior of aggregators such as the one in Example 1. Moreover, it
justifies our terminology. Indeed, if T" is a Choquet aggregator, it follows that each T;
is normalized, monotone, and comonotonic additive. Given Schmeidler [56, p. 256], it
is well known that a map 7T; has these properties if and only if there exists a unique

capacity v; : 2¥ — [0, 1] such that
T; (x) =E,, (x) Vo € B (36)

where the latter is a Choquet expectation. On the one hand, a capacity is a set function

with the following properties:
1. v;(0)=0and v; (N) = 1;
2. A D B implies v; (A) > v; (B).

On the other hand, the Choquet expectation for a function defined over a finite set
of points (i.e., a vector) is a rather simple object. First, in words, one should order the
components of x from the highest to the lowest. Formally, this is done with the help of
a permutation m over N such that x,) > ... > Z(,). Then, one computes the weight

given to z.(; in terms of v; which is

def

n= v (o ir()}) —w (Ui {n () VIeN (37)

with the assumption that v; (U_; {7 (j)}) = 0. If the values taken by x were pairwise
distinct and we interpret v as a measure of likelihood, (37) is exactly the likelihood

of observing a value greater than or equal to () minus the likelihood of observing
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strictly higher values. The Choquet expectation is nothing else than the average of the

ordered values of x using the probability vector p:

By, (x) = Y e v (U {m (1)}) — v (W {im (D))] = Y _wem Yz €R™

(38)
Note that if v is a standard additive probability, then the Choquet expectation coincides
with the standard notion of expectation. If T is a Choquet aggregator, then we denote

by v; the capacity that represents T; as in (36).

Next proposition shows that for comonotonic aggregators with {0, 1}-valued capac-
ities, if convergence happens, then it happens in a finite number of periods. These
aggregators are important since they encompass aggregators in which each agent ag-
gregates opinions, for example, according to one of the following criteria: the median,

any more general quantile, max, min, or any more general order statistic.

Theorem 9 Let T be a Choquet aggregator such that v; is a {0, 1}-valued capacity for
alli € N. If v € B, then either {T" (x)},oy converges or it is eventually periodic, that

is, there exists t,p < n™ such that
TH? (x) = T (x) vt > t. (39)

Moreover, {T"(x)},.y converges if and only if it becomes constant after at most n™

pertods.

Remark 1 The previous result provides an easy criterion to discern the behavior of
the sequence of updates {T*(x)},.y. Set t = n" where n is the number of agents
in the population, and so the maximum value of distinct components = can have. If
T! (x) = T" (x), then {T" ()}, converges. If T (x) # T (), then {T" (z)},.y 18

eventually periodic with period smaller than or equal to n™. A

One might wonder what additional restrictions the monotonicity conditions we
studied above impose on the Choquet aggregators studied in Theorem 9. The result

below is a negative one.

Proposition 15 Let T be a Choquet aggregator such that v; is a {0, 1}-valued capacity

for alli € N. The following statements are equivalent:

(i) j strongly influences i;

(it) T; (v) = x; for all x € B.
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In particular, T is self influential if and only if T (z) = x for all z € B and T
has the pairwise common influencer property if and only if there exists k € N with
T (z) = Jyx for all z € B.

We have noticed already how convergence is implied by the seemingly natural as-
sumption of self-influence (see Definition 12). However, for Choquet aggregators which
are represented by {0, 1}-valued capacities, self-influence is too strong of an assump-
tion, since the only Choquet aggregator of this type which is self-influential is the one
that coincides with the identity. More generally, each agent ¢ trusts only one other in-
dividual j who is independent on the initial opinion distribution. Self-influence yields
that j coincides with 7, both common influencer properties yield that j is a uniform
common influencer k.

It is important not to overstate the reach of this negative result. Indeed, a parallel
with Decision Theory suggests a natural way in which Choquet aggregators satisfy
the properties of Section 6.3.1 can arise. Suppose that a stochastic matrix W € W
captures the network of agents as in DeGroot’s model. Still, it is possible that, as in
Cumulative Prospect Theory for choice under risk, agent ¢ does not linearly compute

the average, but he uses a probability distortion function f; instead. Formally, in this

T; (I) = Z%(l) [fz (Z wm(j)> — fi (i wm(;‘))] . (40)

Since a probability distortion function is a strictly increasing function mapping [0, 1]
into itself, with f;(0) = 0 = 1 — f; (1), it is not difficult to show that whenever W

satisfies the condition for convergence in the linear model, T is convergent, too.

case

Proposition 16 If T is a Choquet aggregator defined as in (40) then i strongly influ-

ences j if and only if w;; > 0.

However, such a specification is still able to explore economically relevant phe-
nomena that are precluded by linear aggregators, possibly using the tools developed in
Decision Theory. As an example, if f; is set equal to the prominent Prelec’s probability
weighting function [52], (i.e., fi (p) = exp (— (—1In(p))”)) we obtain a one parameter
function with a clear psychological foundation. Indeed, such a functional specification
characterizes an agent who is particularly sensitive to the range of opinions in the dis-
tribution, and that assigns disproportionately high weight to extreme stances, with the
size of the distortion decreasing in « € (0, 1), see Figure 2. More generally, using an f
different from the identity map is a way to introduce a perception bias a la Banerjee
and Fudenberg [5] in a model of naive and nonequilibrium learning,.
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Figure 2: Probability Distortion Function

We conclude the section on Choquet aggregators by discussing another subclass
for which convergence is rather easy to obtain. Before doing so, observe that for any

permutation 7 : {1,...,n} — {1,...,n} we could consider
B, = {x €B:xrq) 2 Tr2) = ... > xw(n)}.

In other words, x € B, if and only if the i-th highest opinion belongs to agent 7 (7) for
all © € N. If we denote by II the collection of all permutations, the set B is the union
of these subsets: B = UrenB,. Given (38), it follows that for each m € II there exists
a stochastic matrix W, € W such that

T(x) =W,z Vo € B;. (41)

Thus, if + € B,, then T (x) = W,z and the update T (x) belongs to a set By. A
priori, By # By, yielding that T? () = W W z. More in general, at each round, the
updating is done via a stochastic matrix that might change, but comes from the finite

set {Wx} ;- The next condition guarantees that only the first matrix W, depends on
x € B, and then T* () = Wi« for all t € N.

Definition 17 Let T be an opinion aggregator. We say that T is assortative if and
only if for each m € I, x € B, i,j € N such that i > j, and for each k € N

Teiiy (%) = Taggy (2) = Trgey (2%) = Ty (2)
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where

A rey+e w(l) <k
Lry =
Tr(l) ™ (l) >k

and € > 0 is such that xq) +€ € I for alll € N such that © (I) < k.

In words, being assortative means that, given an initial vector of opinions x, indi-
viduals with higher opinions assign a higher weight to individuals with high opinions.
The idea behind the definition is that, in an assortative society, a change in the stance
of the individuals with a higher opinion (i.e., those with 7 (I) < k) affects more the
individuals with a higher opinion, because they assign to them more weight.

Assortative societies naturally arise when agents are allowed to endogenously select
their network and try to trade-off the benefit of interactions with dislike to disagreement
(see, e.g., Bolletta and Pin [9] and Frick, Ijima, and Ishi [22]). It turns out that when
a Choquet aggregator T is assortative, given the starting point x, the evolution of the

system is described by iteration of a stochastic matrix W as in the linear case.

Proposition 17 Let T be a Choquet aggregator. If T is assortative, then there exists
W e {Wr},.cn such that if x € B, then

T (z) =W!x  VteN.

As a consequence, in assortative societies, it is straightforward to compute the
long-run dynamics of opinion. Indeed, for every initial opinion = € B,, the results
in the linear case (see Golub and Jackson [27]) applied to W, characterize the limit
weight of each agent in the society. However, these weights are dependent on the initial
distribution: starting from y € B/, m # n’ there is no guarantee that limit influence

of each agent is the same.

Example 8 (Assortativeness) An example of assortative Choquet aggregator is the

one where each agent ¢ € N aggregates opinions using the capacity

1 A=N
vi(A)=¢ 2 A#Nandic A
0 otherwise.

6.6 Alternative updating rules

In DeGroot’s linear model, given x°, the updates’ dynamics is of the type
=T (xt_l) Vte N
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where T is linear. Insofar, what we proposed was the study of the same type of
dynamics where the aggregator 1" was only assumed to be robust, thus not necessarily
linear. At the same time, despite keeping the assumption that 7" is linear, other types
of opinion evolution have been studied in the literature (see, e.g., Jackson [35, Chapter
8]). In this section, we focus on two particular examples: the one of Friedkin and

Johnsen [23] as well as the one of DeMarzo, Vayanos, and Zwiebel [17].

We start by considering the procedure of [17]. In this case, DeMarzo, Vayanos, and
Zwiebel have agents revise an opinion x at each round with a linear operator 7', but
they also allow agents to varying the weight they give to their own beliefs resulting in

the following revision dynamic:
=T, (a"") and T, = (1= N\) I+ NT  VteN. (42)

They further assume that {\},.y € (0,1] and > ;°; Ay = co. Moreover, given their
foundation (see Section 3.1), T is linear and self-influential. The above condition on
the weights )\; intuitively captures the idea that agents cannot get fixed on their own
opinion too quickly. By definition, since 7' is linear, there exists a stochastic matrix
W € W such that T'(z) = W for all © € B. Theorem 1 of [17] shows that if W is
irreducible, then {z'},_ converges and to an equilibrium point Z of 7. It turns out
that z is also a consensus opinion. In what follows, we generalize this result in two
directions. First, we show that if T" is robust and self-influential, then the sequence of
updates defined as in (42) still converges and to a fixed point of T'. Second, we can also
offer a version where 7" is not necessarily assumed to be self-influential. This comes at
the cost of requiring \; to be bounded away from 1, that is, \; < b < 1 forallt € N
and for some b € (0,1). Intuitively, this means that agents, at each round, are stuck
on their own opinion for at least a factor of 1 — b, which can be small, but must also

be strictly positive.

Proposition 18 Let T' be a robust opinion aggregator, 1° € B, and {\},o € (0,1]

such that > ;> A\ = co. The following statements are true:

1. If T is self-influential and {z'},  is defined as in (42), then lim, ' exists and it

18 an equilibrium of T'.

2. If there exists b € (0,1) such that Ay < b for allt € N and {2'},. is defined as

in (42), then lim, 2 exists and it is an equilibrium of T.

Note that for both results consensus is the only possible limit, provided T is a
consensus operator (cf. Proposition 11). Note also that point 2 generalizes [17] in the

linear case too. If each agent has a minimal stickiness to her own opinion (i.e., b > 0),
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then convergence happens. Moreover, if the conditions in Proposition 10 are met, the
limit point is a consensus equilibrium. This fact is remarkable because convergence to a

consensus here does not rely on the usual aperiodicity and self-influentiality properties.

We next consider the procedure of Friedkin and Johnsen [23] (see also [30, p. 16]),
which is popular in sociology. In this case, agents are assumed to aggregate an opinion
x at each round with a linear operator 7' (represented by a matrix W), but they are

also allowed to hold onto their original opinion:
t'=al (a7 )+ (1-a)a® VteN (43)

Friedkin and Johnsen interpret a as a measure of agents’ susceptibilities to personal
influence. In other words, the ¢-th update of agent i is a mixture of her linear ¢ — 1-

=1 and her initial opinion z¥ where the mixture weight is given by «.

th update, x
The convergence of the corresponding different updating process is derived under the
assumption a € [0, 1) for all i € N.3?

In what follows, we study the Friedkin and Johnsen updating process in (43) when
T is only assumed to be robust, but not necessarily linear. Following result shows that
if T is also self-influential, then the procedure in (43) yields a convergent updating

dynamics.

Proposition 19 Let T be a robust opinion aggregator, 2° € B. If T is self-influential,
a €(0,1), and {z'},.y is defined as in (43), then T = lim, a* € B exists and it is such
that

z=aT (z)+ (1—a)’ (44)

6.7 Representation and differential approach

In this section, we explore a representation for our opinion aggregators. For this
purpose, consider an opinion aggregator 7' which is only required to be normalized,
monotone, and continuous. Thus, it might fail to be nonexpansive and, a fortiori, ro-
bust. In particular, we begin by fixing i € N and focusing our attention on the i-th
component of T Tj.

By Cerreia-Vioglio, Ghirardato, Maccheroni, Marinacci, and Siniscalchi [12, Corol-

lary 3],* we have that there exists a closed and convex set of probability vectors,

32For example, in discussing convergence, they require a~' not to be an eigenvalue of W, thus

a# 1.
33Note that for each i € N, T; : B — I is such that:

1. T; (ke) =k for all k € I;
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C; C A, and a function «; : B — [0, 1] such that

T;(z) =a; (zr)minp -z + [1 — a; ()] maxp - x Vo € B. (45)

peC; peC;
This representation turns out to be useful in different ways for our results and our
aggregators. Before illustrating them, we elaborate a bit more on the nature of the set
C; and how it can be retrieved from 7;. Given ¢ € N, consider the following binary

relation 2Z* on B:

xriy = Ti(Ma+1=-Nz2)>T,(Ay+(1—-X)2) VA e (0,1],Vz € B.
By [12, Proposition 2], it follows that
TTIY = p-r>p-y Vp € C;. (46)

The representations contained in (45) and (46) turn out to be useful in at least two
different ways. First, they allow treating each round of updating as linear with the
caveat that the weight matrix might depend on the previous update itself. Second,
it allows to provide conditions on 7" which guarantee convergence (see, e.g., Theorem
10). Below, we expand on these two points.

From (45) and since C; is convex, observe that for each x € B, we have that
Ti(x) = a(z) (¢ (2) - 2) + 1 = a(2)] (0" (@) - 2) =p' () - @

where ¢*' (z) € argminyec, p - = (resp., p** (z) € argmax,ec, p- ) and p' (z) € C; is
such that p’ () = a(z) ¢ (z) + [1 — a(x)] p** (z). Since i was arbitrarily chosen, if
we construct the matrix W () so that each row coincides with p’ (z), we have that for
each z € B

T (z) =W (z)x, W (x) € W and the i-th row of W (z) belongs to C; Vi € N.
(47)
In words, opinion aggregators which are normalized, monotone, and continuous (a
fortiori, the robust ones) coincide to a form of “local” linear aggregation in that each

update 7' (z) can be written as W (x)z where the matrix of weights W depends on

2. for each z,y € B
vzy = Ti(x) 2T (y).

3. T is continuous with respect to the topology generated by || |-

In light of this in [12, Proposition 2 and Corollary 3|, set S = N, X the power set of N, X = I,
and v = id;. Moreover, let = be the binary relation on B induced by T; as utility function. Same
observations hold for obtaining (46).

46



x. Thus, for each opinion aggregator 7' : B — B which is normalized, monotone, and

continuous, we can define
W(T)={W €W : W satisfies (47) for some x € B}.

The set W (T) is the collection of stochastic matrices which replicate T.3* The next
result shows that the uniform common influencer property and the pairwise common
influencer property have a direct counterpart in terms of the set W (T'). This latter
fact allows us to elaborate on the second reason why (45) and (46) might turn out to be
useful. From a mathematical point of view, in discussing the two properties mentioned
above, we interpreted them as monotonicity properties. Intuitively, monotonicity is
often characterized by the positivity of the derivative. So one might wonder if they
can be checked by computing the derivatives of T'. Unfortunately, in the robust case, T’
is typically nondifferentiable. As the representation in (45) suggests, our aggregators
might have many kinks, in particular at the points of consensus. Luckily, robust opinion
aggregators are also nonexpansive, therefore they are Clarke’s differentiable (see, Clarke
[14, Proposition 2.1.2]). Given Ghirardato, Maccheroni, and Marinacci [25, Theorem
14], if T' is also constant affine, then this allows to verify the properties of C;, and so
W (T), via the Clarke’s differential 07}, given that C; = O0T; (ke) where ke is a point
in the interior of B.

Proposition 20 Let T be a robust opinion aggregator. The following statements are
true:

1. If T is self-influential, then there exists € € (0,1) such that p; > € for all p € C;
for alli € N. In particular, there exists € € (0,1) such that wy; > € for alli € N
and for all W € W(T).

2. If T has the uniform common influencer property, then there exist k € N and
e € (0,1) such that pp > ¢ for all p € C; for alli € N. In particular, W (T) C
We i for some k € N and € € (0,1).

The above result suggests the next one which is a convergence result based on the
representation of 7.

Theorem 10 Let T' be an opinion aggregator which is normalized, monotone, and

continuous. The following statements are true:

31Note that W (T) is contained in the set of stochastic matrices whose only requirement is that the
i-th row belongs to C;. Note that this inclusion might be strict.
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1. IfW(T) CW. for somee € (0,1), then T is convergent. Moreover, if T : B — B
is defined by
T (x) = lign T" () Vr € B, (48)

then T (x) € D for all x € B and

HT(&:)—Tt (a:)Hoo <2(1—¢) |zl vVt € N,Vx € B. (49)
2. If each W € W (T) is scrambling, then T is convergent.

Point 1 of the previous result (paired with Proposition 20) generalizes Theorem 6
while point 2 partially generalizes Theorem 7. As for point 1, we simply dropped the
assumption of the robustness of T, and we weakened the uniform common influencer
property by looking at the characterization of this property in terms of the represen-
tation of 7' (namely, the condition W (T") C W, for some k € N and ¢ € (0,1)). The
conclusion remains the same: Convergence to consensus is always attained and at an
exponential rate. Compared to Theorem 6, the only drawback is the interpretability
of the following condition: W (T') C W.. A similar discussion holds for point 2, with

the additional caveat that we are also mute in terms of rate of convergence.*

7 Vox populi, vox dei

Motivated by our robust statistics foundation, we next study if the updating procedure
{T" (2°)} leads to estimates which allow either the agents in the network or an external
observer to learn the truth as the size of the population becomes larger and larger. More
formally, we consider the same setup as in Section 3.1. There exists a true parameter
w € I and each agent i € N = {1,...,n} observes a signal X; (n). We assume that the
signals are defined over a probability space (€2, F, P). In this section, we make two

assumptions which we maintain throughout.
Assumption 1 I = R.
Assumption 2 For each n € N we assume that X; (n) = p+¢;(n) for all i € N

where {¢; (n)}ieN’ne
random variables. We denote by I the compact interval such that X; (n) (w) € I for
all w € Q, for all « € N, and for all n € N. We denote by ¢ the length of 1.36

y is a collection of uniformly bounded, symmetric, and independent

35Tt escaped us if one could provide any meaningful bound on the rate of convergence.
36 Formally, the property of symmetry means that for each i € N and for each n € N

PlweQ:e;(n)eB})=P(H{we:e(n) € —B})

for all Borel sets B C R. The length of the interval I is the quantity ¢ = max [ — min I.
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Let us fix the population size n. Momentarily, we will let n increase. If agents
update their estimates via a convergent robust opinion aggregator 7' (n), then each
agent i will reach a final estimate T; (n) (X1 (n) (w), ..., X, (n) (w)). It is then natural
to ask whether or not T; (n) (X1 (n) (W), ..., X, (n) (w)) gets arbitrarily close to the
true parameter p as the population size n increases. Of course, for this to be the
case, it seems natural to require that 7" (n) is also a consensus operator — this can be
achieved in several natural ways we discussed above (cf. Proposition 10). Even though
the assumption of T" being a consensus operator is not strictly necessary, having it
facilitates our reasoning and it seems to be also conceptually relevant. In fact, in order
for the entire set of agents to learn the true parameter p, it seems natural to consider
a situation in which the result of the updating procedure is common across agents.

To better understand the nonlinear case, it might be useful to recall what happens
in the linear one. If T (n) is linear with representing matrix W (n), then T (n) is also
linear with representing matrix 1. Since T is a consensus operator, then all the rows of
W (n) coincide with the left Perron-Frobenius vector s (n) associated to the eigenvalue
1. Golub and Jackson [27] call such a vector s (n) the vector of influence weights and

show that if lim,, ., maxgey s (n) — 0, then

Ti(n) (Xi1,... X)) S VieN.

In generalizing this result in the nonlinear case, one faces two main difficulties: one
mathematical and one interpretative. From a mathematical point of view, it is not
obvious how to generalize to the nonlinear case the notion of eigenvector. From an
interpretative point of view, the conceptual relevance of the vector s (n) comes from the
immediate computability in terms of the primitive matrix W. But, other than specific
cases, it is not immediately evident in terms of primitives what is its significance. To
wit, it is not immediate by a mere inspection of the components of W, if one can obtain
useful bounds on max;ey s; (n).

For such a reason, we make the following trivial, yet useful observation: In the
linear case, the vector s(n) coincides with the gradient VT; (n) of T; at any point
x € R™. This observation will reveal useful in two dimensions. For starters, it allows
us to overcome the difficulty of not having a useful notion of eigenvector for nonlinear
operators and it clarifies how the influence vector s (n) and its i-th component capture
the idea of “marginal contribution of agent i” to the final opinion 7; (n). Finally,
via the chain rule, being T (n) the pointwise limit of 7% (n) as ¢ runs to infinity, it
allows us to bound these marginal contributions via the marginal contributions of each
agent at each round, that is, via the gradient of T'(n). Unfortunately, in proceeding
this way, we might face some technical complication. Our opinion aggregators might

well be nondifferentiable. Nevertheless, the fact that they are Lipschitz continuous
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allows us to resort to the notion of Clarke differentiability and a generalized notion of

directional /partial derivative.

Definition 18 Let T be a robust opinion aggregator such that T is a consensus operator
and B C R". We say that s <T, B) € R" is the influence vector of T on B if and only

if

. T tet) — T,
s(T,B> — sup [ limsup BT =T ) e
7 5 Y—T t
reB ¢10

As we mentioned, the above definition of influence vector coincides with the one of
Golub and Jackson whenever T is also linear since s (T, B) — s for all B C R". For,

in this case, one has that

T N T, T
Jim sup 1 (y +te') 1(9):51

y—x t (%l
t|0

(x)=s; Vi€ N,VxeR" (50)

Also in the nonlinear case, the right-hand side of (50) captures the (maximal) marginal
contribution of a change of the opinion ¢ on the final consensus estimate. Intuitively,
the next result shows that under the assumptions of the current section, if the influence
weight of each agent goes to zero, then the estimates of the network become more and

more accurate.

Proposition 21 Let {T'(n)}, oy
T (n) is a consensus operator for all n € N and there exist sequences {c(n)}, .y and
{w(n)},cy such that c(n) € R, w(n) € A, and for each i € N

be a sequence of odd robust opinion aggregators. If

s (T (n) ,f")i < c¢(n)w; (n) and c(n)? max wj, (n) — 0 as n — oo, (51)

then

Ty (n) (X1, Xa) S p VjEN. (52)

Compared to the linear case, we must observe that Proposition 21 differs only in
one central aspect: Our result relies on signals which are symmetric around p. Given
(50), note in fact that our conditions trivially imply the one of Golub and Jackson
(namely, lim,, .., maxgey Sk (n) — 0) while their condition implies ours given that, in
the linear case, we can always set ¢(n) = 1 and w (n) = s (n) for all n € N.

Notice that symmetry of the errors guarantees wisdom of the crowd when paired
with an odd opinion aggregator. Odd aggregators naturally arise when the loss function

is symmetric, see Proposition 1.
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Remark 2 We can also provide bounds on both the variance of T} (n) (X, ..., X,,) and
the probability of
1T, (1) (X1 o Xa) — 1] 2

This helps in elucidating the convergence result contained in Proposition 21. If T (n) is
an odd robust opinion aggregator such that s <T (n), T ") < cw (n) for some ¢ € (0, 00)
and w (n) € A, we have that E (T} (n) (X1, ..., X)) = p and for each ¢ € [0, /]

P({weQ:|T;(n) (X1 (@), s X (@) — 1| = £}) < 2exp (—CQ manfN ~ (n)) .

(53)
Since our random variables take values in a bounded interval I the difference

|75 (n) (X1 (@) 1 ey X (W) = 1]

can be at most the length of the interval, that is, /. Thus, the previous inequality
provides a useful bound in terms of controlling for deviations from the true parameter.
Mathematically, (53) is a consequence of McDiarmid’s inequality. In turn, this allows

us to control the variance of Tj (n) (X1, ..., X,,). Indeed, we have that

2

2 maxgen wy, (n)

Var (Tj (n) (X1, ..., X)) <20 exp <— > VjeN. (54)
Thus, if maxey wy, (n) gets smaller, then the variance of T} (n) (X, ..., X,,) gets smaller.
A

Before moving on, we note that the above proposition and remark apply even if
T (n) is not a convergent operator (which we never assumed in the formal results of this
section). In such a case, recall that T' (n) is the limit of the time averages {T"}, . This
generalization is interesting if we think about the following question: Can an external
observe learn the true parameter by observing part of the updating dynamics? More
formally, assume that the external observer from a specific point in time, say m, gets
to see the updating process {1 (n) (X (n) (w), ..., X (n) (w))};_,- By the previous

part of the paper, due to uniform convergence, we know that as 7 — oo

1 O _

SIS () (X0 () (@), X (1) () = T () (X0 () () o X () () Vi €.
t=1

Our results show that T (n) can be useful to extract information, even if T might not
be convergent.
The next obvious question we tackle relates on the possibility to check condition

(51) in terms of the original operator T'.
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Proposition 22 Let {T (n)}, .y
is a consensus operator for alln € N and there exist sequences {c(n)}, .y and {w (n)}, o
such that ¢c(n) € R, w(n) € A, and for each i € N, for each h € N, and for each
el

be a sequence of robust opinion aggregators. If T (n)

T, N —T,
lim sup — () (y + tet) h(n) () < c(n)w; (n) and ¢ (n)® max wy (n) — 0 as n — oo,
Yy—x S
t10

(55)
then {T (n)},cy satisfies (51).

We next illustrate how our previous result can become handy in checking condition
(51) in the context of our statistical foundation. As a by-product, we will obtain that,
under the assumptions of this section, the wisdom of the crowd can be achieved as long

as the minimum degree of connections gets larger and larger.

Example 9 Assume that each agent processes signals via Huber’s robust statistical
estimation (see Section 3.1). Suppose that the conditions of Proposition 8 are satisfied

and there exists ¢ such that

@) o porall je N, 2y € [—2¢, 2]
/! — ) ) 9 .
i (y)
Then 7' (n) is differentiable and
. T (n) (y + te') — T (n) (y) _ n 1
lim su = (VT (n < ¢ —=c(n)w; (n
wsup : (VT ) () < T = ) )
t10
where
n e
c(n) =c— and w(n) = —.
( ) mlnke{L...,n}\Nﬂ ( ) n

Therefore, Proposition 22 guarantees that wisdom is reached at the limit if the minimal
degree in the society is growing sufficiently fast, that is,

lim —— 5 =0

"= (mingefr,..ny | Ni|)

or

1 1
MiNge{1,...,n} |Nk| (\/ﬁ) ( )

Notice that Equation (56) allows each agent to be connected to a vanishing fraction

of the society. Inspection of the proof of Proposition 22 and the results in [27] shows
that even in the case of a linear aggregator the minimal degree has to explode to
guarantee wisdom, but Equation (56) can be relaxed to

1

mingeqi,. ny [Vl

=o0(1).
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However, condition (51) allows checking that the crowd becomes wise even in some

situation where the maximal degree in the society remains bounded.

Example 10 Assume that each agent processes signals via Huber’s robust statistical
estimation (see Section 3.1). Suppose that the conditions of Proposition 8 are satisfied,
and there exists ¢ such that

pj (z)
P (y)

< ¢ for all j € N.

Suppose we have a circle in the society, i.e.,

w; ifi=j,
0 otherwise.

with the understanding that agent n + 1 is identified with agent 1, and such that
0 < w < w; < w < 1. This is the case where everyone is connected only to the
individual that immediately follows her in the society, and the weight assigned to own

opinion is parametrized by w;. Let, & = max {(1 — w) ,w}. If

AU
J.(z,y)€[—2¢,2¢) UAJP;'/ (y) + (1 —w) P;'/ () V2
then (51) holds.?7 A

Finally, we conclude with a word of caution about the possibility of obtaining
the wisdom of the crowd in the realm of robust opinion aggregators. For the next
result, recall that a linear aggregator T (x) = Wx is obtained in our foundations as a
particular case. Here, we show that for every sequence of linear opinion aggregators
that are wise in the sense of Golub and Jackson [27], it is possible to find an arbitrarily
small perturbation of the loss functions used by the agents such that the limit opinion

is bounded away from the truth with probability 1.

Proposition 23 Suppose that {W (n)}, .y is a sequence of matrices that are wise as
by Definition 3 in Golub and Jackson. Then, for all § > 0, there exist a ks and a
sequence of profiles of loss functions {¢ (n)}, oy such that each ¢ (m) is §-close to the
loss function originating W (m),*® the induced aggregators {T (n)}, .y are robust, and

P(|IT; (n) (X1, ...y X)) — p| > ks) — 1 Vj € N.

37The tedious computations are available upon request.
38In the sense that

sup @i (m) (2) — Z w;j (m) 232 < 0.

i€N,meN,z€[—2¢,2¢) JEN
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Moreover, the size of the bias can be chosen to be nonnegligible with respect to the
distance between the loss functions:

. ks
jm 5 >0

Some remarks are in order. First, the perturbation of the loss function used in the
proof of Proposition 23 is very particular, but it corresponds to one case that may
be relevant in applications: Extreme realizations of the signals in one direction are
salient, and therefore observed by all the agents (think of extremely adverse reactions
to vaccination). Second, we had to use a particular loss function because we want
failure for all the possible networks structure and all the possible distribution of error
terms.

The best way to interpret the result is that it underscores a role of symmetry that
is absent in the case of linear aggregators. Indeed, Proposition 23 shows that minimal
asymmetries in the way in which information is incorporated by the agents lead to
failures of wisdom. Moreover, even if the aggregator is symmetric (e.g., the median)
unbiased but skewed error terms may prevent wisdom.

More generally, one positive message of the wisdom of the crowd result in Golub and
Jackson is the following. Even if the society is partitioned in disconnected components,
when such building blocks are large, the existence of an “objective truth p” leads to
an agreement between the different components of the society. Instead, when each
component features some homophily in the kind of behavioral bias allowed by the
more general class of robust opinion aggregators this may not happen, and differences

in beliefs may persist in the limit.

A Appendix: A robust foundation

Before proving the main result of Section 3.1, we need to introduce additional defini-
tions and preliminary results. We say that the correspondence T : B = B is internal

whenever .
T (z) C {minxj,maxxj} Vx € B,
jeN 77 jen

and translation invariant whenever, for all z € B and k € R such that x + ke € B,
yeT(x) <= y+keecT(z+ke).

Note that if a correspondence is internal, then each of its selections is necessarily

normalized.
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Lemma 3 Consider a function ¢; : R™ — R,. For all (¢c,z) € I X B and k € R with
(c+k,x+ke) € I x B, it holds

CETZ(I)@C‘FI{IGTZ(SL"er)

Proof. Let (¢,z) € I x B and consider k € R such that (c+ k,z + ke) € I x B. If
c € T, (x), then, for all d € R such that d+ k € I,

¢ (r+ke—(c+k)e)=¢; (x — ce)
< @i (v — de)
=¢;(x+ke—(d+k)e).

Given that d was arbitrarily chosen, it follows that
¢i (v +ke—(c+k)e) <¢i(x+ke—(d+k)e) vd €1,

that is c+ k € T; (z + ke). |

Definition 19 The profile of loss functions ¢ is distance monotone if, for all i € N
and z € R,

23>0 = ¢;(2) > ¢ (z—minzje) ,
J
and

0>z = ¢;(2) > o (z—maxzje) .

Note that, if ¢ is distance monotone then it is sensitive. Indeed, for all i € N and

h € R\ {0} distance monotonicity implies that either

h>0 = he>0 = ¢;(he) > ¢ (he—mjin ((he)j> e) = ¢, (0)

or

h<0 = 0> he = ¢;(he) > ¢ <he—mjax<(he)j> e) = ¢, (0).

The following lemma shows that, under increasing shifts, these two notions are equiv-
alent.

Lemma 4 If the profile of loss functions ¢ has strictly increasing shifts then it is

sensitive if and only if it is distance monotone.
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Proof. We only need to show that if ¢ satisfies increasing shifts and sensitivity then
is distance monotone. Consider z € R™ such that z > 0. Also, define v = z — min; zje,

v = 0, h = min; z; and note that v > v’. Increasing shifts implies
¢i (v + he) — ¢ (v) > ¢ (V' + he) — ¢; (V')
that is
o (2) — ¢ (z — min zje> > ¢ (min zje> — ¢ (0) >0
J J

where the last strict inequality follows from sensitivity and the fact that min; z; > 0.

The case for z < 0 is symmetric. [ |

Definition 20 The profile of loss functions ¢ is separately convex if and only if, for

every 1 € N, ¢; is coordinatewise conver.

Definition 21 The profile of loss functions ¢ is ultramodular if and only if, for all
1 €N, z,v e R" and g € R}, with z > v,

Gi(z+q) — ¢i (2) = ¢i (v+q) — i (v) .

Note that if ¢ is ultramodular, then it satisfies increasing shifts. Indeed, it is enough
to set ¢ = he for all h € R,

Lemma 5 (Marinacci and Montrucchio [44, Corollary 4.1]) Let f : R" — R,..
If f is supermodular and separately convex then it is ultramodular. The converse holds

provided that f is bounded on every bounded subinterval [v, z] C R™.

Lemma 6 If ¢ € ®y then, for everyi € N,

fz(c) = @i (z = ce)

is convez for all z € R™. If also ¢ satisfies strictly increasing shifts, then each f, (c) is

strictly convex for all z € R™.

Proof. Given that ¢; is lower semicontinuous, it is measurable. Therefore, by [53,
Theorem C, page 221 and Theorem A, page 212] it is enough to show that f, is
midpoint convex, that is,

a+b
2

s@+roz (YY) varer 57

Fix a,b € R and define ¢ = %2 If a = b then (57) is trivially satisfied. Without
loss of generality, assume that a > b. With this, we have a > ¢ > b. Next, define
h=c—b=a—c&R,. Increasing shifts of ¢; implies that

¢i(z —be)—¢; (z — ce) = ¢; (2 — ce + he) —p; (2 — ae + he) > ¢; (z — ce)—p; (2 — ae)
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that is
fz (b> - fz (C> > fz (C) - fz (a)

or

%(fz(a)-i-fz(b)) > f. <a;b>

which shows that f, is midpoint convex. A completely similar argument that replaces
the weak with strict inequality shows that f, is strictly midpoint convex when ¢;
satisfies strictly increasing shifts, and therefore it is convex, too. Now, it remains to
show that a convex function that is strictly midpoint convex is strictly convex. Let
a,b € R, € (1/2,1). The case in which @ > 1/2 can be proved analogously. Therefore,
aa+ (1 —a)b=Pa+ (1—B) %L for =2a—1€ (0,1). However, then

Jelaat (1= = £ (sa+ 10— 5 57)

Sﬁfz(ﬁa)+(1—ﬁ)fz<a+b)

2
<sr.t+ S (e + o)

= afz (a) + (1 - Oé) Iz (b)

where the weak inequality is because f, is convex, and the second inequality because
f. is strictly midpoint convex.. |

Proof of Theorem 1. (1) Let T be a robust opinion aggregator. By Lemma 9 in
the Online Appendix there exists an extension 7' : R® — R™ of T' that is also robust.
By Lemma 1, for every ¢ € N, T, : R — R is nonexpansive, hence almost everywhere
differentiable and everywhere Clarke differentiable. Next, fix ¢ € N. By Cerreia-
Vioglio, Ghirardato, Maccheroni, Marinacci, and Siniscalchi [12, Corollary 3|, we have
that there exists a closed and convex set of probability vectors, C; C A, and a function
a; : B —[0,1] such that

(2) = ai () minp - 2+ [1 — 0y (2)| maxp- 2 z €

From (45) and since C; is convex, observe that for each z € R", we have
Ti(2)=a(2) (¢ (2) - 2) + [L = a(2)] (17 (2) - 2) = p' (2) - 2 (58)

where ¢*' () € argminyec, p - 2 (resp., p*' (z) € argmax,ec, p - 2) and p' (2) € C; is
such that p'(2) = a(2)¢** (2) + [1 — a(2)]p** (z). Next, define the correspondence
I;: B— 2% by

Fi(z):{pieCi:pi~z:f}(z)} Vz e R"™
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We first prove the following ancillary claim.
Claim: T'; is nonempty compact valued, upper hemicontinuous and translation

invariant, that is,

L (2) =T (2 + he) Vz e R" h e R.
Proof of claim: Fix z € R™. From (58), it follows that there exists p* € C; such that
P’z = Ti(z). Next, let {pi}, .y C Ii(2) such that pi, — p' € A. Given that C; is
closed, we have ' € C;. Moreover, for all n € N, pi, - z = T} (z). Thus, § - z = T} (2) as

well. This shows that p* € T'; (2), hence, that T'; () is closed and in particular compact
given that it is a subset of A. Next, let

{(zn,pib)}neN CGr(0)={(zp") eR"xA,p' €T (2)},

such that (z,,p%) — (Z,7') € R" x A. Similarly as before, the fact that {p’}, . C C;
implies that p' € C;. Moreover, for all n € N,

pzzn:j—’z<zn)

By continuity of 7, it follows that p' - z = T} (2), that is, (z,') € Gr (T'). This shows
that Gr (I") is closed, hence that I' is upper hemicontinuous. Finally, let z € R™ and
h € R. Then, for all p' € T; (z), we have

po(z+he)=p -z+p -he=p -z+h=T(2)+h=T(z+he),

that is p' € T; (z + he). This implies that T'; (z) C T'; (z + he). The converse inclusion
is analogously shown. O
Define

o7 (2) = inf Zwm 25 Vz e R".

wi €T ( z)

Given that the function (w;, 2) — >,y wijzj is continuous over Gr (T'), by [1, Lemma
17.30] it follows that ¢! is lower semicontinuous. Next, we show that ¢! is distance

monotone, hence sensitive. Fix z > 0 and note that the previous claim implies

QS;‘F (z — min Zg@) = min E Wij ( — mm zg> = min E Wij (z] — mm Zg) .
¢ w; €LY (z)

w; €T (z—miny zge)

Also, fix w; € T'; (2). We have

2
Z Wij ( mln Zg) Z wm (mZin 213) -2 (mzm Zg) Z (I

JEN JEN JEN

2
2 .
< E Wiz — (mzng>

jEN

E : 2
< wiij.

JEN
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Let w} € I'; (2) be such that

g wz-: mln E wUJ.
‘ w; €T (

JEN
Then,
*
E w;; (z HllIlZg) E w;;z ],
JEN JEN

which implies
o (z — mgn Zg€> = wlglllréz wa ( IIllIl z4> wa (z] mm Zg) Z w; z = ol (

We can prove the case for 0 > z with analogous passages. This shows that ¢! is
distance monotone. Next, we show that ¢! has strictly increasing shifts. First, note
that, for all z € R” and h € R, ,, we have

¢F (24 he) — ¢ (2) = min wa (24 h)* — mm waj

w; €T (z+he) wi €T (
= min E Wij2; 21 K24 2h g W% | — mln g W;j% ]
wi€l(z) | 4 £ w; €T ( z)
JEN

= h? + 2hT; (2) + mln
w; €T (

Zwm j] B wzrélﬁl%z Zw” j
— B2+ 21T} (2).

Monotonicity of T; immediately yields that ¢; has increasing shifts. Next, let z,v € R™
be such that z > v and fix h € R, ;. It follows that

J J

QS;TF(z—i—he)—(bf(z):h2+2hTi(z):h2—l—2hTi((z—max(z — ;) )—{—max(z —vj)e

=h*+2nT; | 2z — mm — vj) e) + min (z; — v;)

J

> h? + 2hT, < mm — v;) e) > h? + 2hT; (v)
) =

¢ (v).

Given that v, 2 and h were arbitrarily chosen, it follows that ¢! has strictly increasing

¢ (v + he

shifts. Finally, we show that for every x € B,
arg mi}l ¢F (v —ce) =T, ().
ce
By the previous claim, for all x € B and ¢ € I, we have

¢ (z — ce) = mln Z w;; (z = mm Z wij (z

w; €0(

59
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Next, fix # € B and note that, for every w; € I'; (x), the problem
minZwij (z; —¢)?

uniquely attains its minimum at ¢* = w; - @ = T} (z) = T, (z), where the last two
equalities follow by the definition of I'; and Ti‘ g = T;. Also, for every c € I\ {T; (z)}
let w{ € T'; (x) be such that

wt (r; —¢)* = min w;
E C. = E :
WAt w; €l (x) ]

JEN

Therefore, for every ¢ € I\ {T; (z)}, we have

i (r—T;(x)e) = min )sz‘j (2 = Ti (2)* < Y wf; (w; — Ti (x))?

w; €l (x
&) Sen jEN
C J— — T J—
< E wi; (r; —¢)” = min E wij (z; — ¢)* = ¢T (x — ce),
; w; €l (:r
JEN

showing that ¢! uniquely attains its minimum at 7} (x). This concludes the proof of
point 1.
(2) Let ¢ € & and fixi € N. Also recall that, by Lemma 4, ¢ is distance monotone

as well. First, we show that the problem

Icnelﬂlgl o; (x — ce)

in (1) is equivalent to

min T —ce) sub to ¢ € |minz,;, maxzx 59
i ¢z( ) LGN ]7]6]\)7( J:| ( )

for all + € B. Fix x € B and assume by contradiction that there exists ¢* &
I\ [minjey z;, max;en ;] such that ¢; (x — c*e) < ¢; (x — ce) for all ¢ € [min ey z;, max ey ;).

If ¢* < x = minjey xj, then (x — c*e) > 0, and distance monotonicity implies

¢i(xr—c'e)> ¢ (x —ce—(z—c")e) = ¢; (x — ze)

which is a contradiction. If ¢* > Z = max ey z;, then 0 > (x — c*e), and distance

monotonicity implies
di(x—c'e) > ¢ (v —ce— (T —c")e) = ¢; (v — Te)
which is a contradiction. With this,

arg min ¢; (z — ce) = arg min ¢; (x — ce) C |:II11HZL‘ max ] Vo € B.
cel ' ce[minjeN Tj,MaXjc N .TJ] ' .]GN 77 ]GN /
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From this, it follows that the set of solutions of (59), that is a nonempty and compact
set by the Weierstrass Theorem for lower semicontinuous functions (see Section D.3.3

in [50]), coincides with T; (z). Translation invariance of T; follows from Lemma 3.
Next, define f: I x B — R, as

fc,x) =—¢; (x — ce) V(c,x) € I x B,

and note that

T, (z) = arg male (c,x).
ce

We want to show that f has increasing differences in (¢, z). Fix z,y € B and ¢,d € [
such that x > y and ¢ > d. Define h = (¢ — d), v =y — ce and z = = — ce. Given that
z>wvand h € Ry, it follows

f(cay)_f(d7y):¢z y_de _¢i y—C@)

where the weak inequality follows directly from the definition of increasing shifts. This
shows that f satisfies increasing differences in (¢,z) and by [46, Theorem 5], T; is
monotone nondecreasing in the strong set order. Given that ¢ was arbitrarily chosen,
each T; is internal, translation invariant, upper hemicontinuous, nonempty compact
valued and monotone in the strong set order. All the previous properties are clearly
inherited by T =[],y Ti. For the second part of the result, define for each i € N,
T, (z) =minT; (x) Vz € B,

—1

and T = (T;),cn- Clearly, T is a selection of the correspondence T which is internal.
Hence T is normalized. Next, fix i € N and consider k£ € R such that z+ke € B. From
Lemma 3 it follows that T, (z) + k € T; (x + ke). Assume there exists ¢* € T; (v + ke)
such that ¢* < T, (x) + k. Again, by Lemma 3 it follows that ¢* — k € T; (z). However,
we notice that ¢* —k < T, (z) is a contradiction with 7', () = min T; (z). Therefore, we
get T; (x)+k = min T; (z + ke), which shows that T, is a translation invariant selection
of T;. Moreover, given that T; is monotone nondecreasing in the strong set order, we
have that 7', is monotone. In particular, given that i was arbitrarily chosen, each T’
is translation invariant and monotone, which implies that T" translation invariant and
monotone. Finally, if ¢ has strictly increasing shifts, Lemma 6 tells us that, for all

i € N and x € B, the map ¢ — ¢; (x — ce) is strictly convex in ¢. With this, each
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T, is single valued and, in particular, T;(z) = {T; (x)} for all x € B. Moreover,
T (z) = {T (x)} for all € B, implying that T =T is a robust aggregator. |

Proof of Proposition 5. Consider an arbitrary ¢ € N. Suppose that i is using
a weighted average of order statistics with weights (q1, ..., qn,) where ¢; is the weight
assigned to the i-th higher observation in her neighborhood N;. Clearly, T; (ce) = c.
Moreover, if x > y also the i-th higher observation in N; under x will be larger than
the ¢-th higher observation in N; under y. Finally, let x,y be comonotonic additive.
Consider the subsample of observations Z and 7 in R™: that only includes the opinion

in N; ordered in an arbitrary way. Using the notation of Section 6.5, notice that
(T + §)ry = Tnti) + Un()

and

Ti(z+y) = Zqzx+y ZqzxﬁZqzym— i(z)+Ti(y).

Proof of Proposition 6.

1. Since the loss function is strictly convex in ¢ and twice continuosly differentiable,

a necessary and sufficient condition for the solution function T} is

0= oJon (x — ce)

0= wa —Xexp (A (z; — T (2))) + A)
JEN

1= Z w;j exp (Az;) exp (=T} (z))
JEN

exp )\T’\ Z w;; exp A ()
JEN
1
jEN

2. Standard.

3. We prove by induction on ¢t € N that

(T (m))t =T (z) = %ln (W'exp (Az;)) .
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The basis step follows by 1. Suppose that it holds for ¢. Then

(T (:10))?r1 = %ln iwijexp ()\ (T (l’))j))

= %ln Zwijexp (A%ln <Z (Wt)ﬂ exp ((Axﬂ))))

j=1 =1

1 n n

=5 In Zwiﬂ' Z (Wt)jl exp ((/\:El))>
=1 =1

1
=3 In (W'exp (Az;))

proving the inductive step. By taking the limit for t — oo, since

lim W, = s; Vi,j € N

t—o0
and In is a continuous function, the first part of the result holds. The influence
vector immediately follows from taking derivatives. To conclude, consider x such
that x; > ;. Let kK € R" be such that z; + k € I and x; — k € I. Define

T; + kE l=1
Yy = Tj— k1 :J
x; otherwise.

We want to prove that
. 3\ t T A t
hin (T (y)) hgn (T (z)) > 0.

However, by the Gradient Theorem, and since V (limt (T (z))t> >V (hmt (T (z))t) '

(2

for all z € co(x,y),

lign (7 (y))t - li{n (T (m))t = /xy \% (lign (T (z))t> dz>0

concluding the proof. |

Proof of Corollary 1. Let ¢ € &} and fix ¢ € N. It follows that ¢; is continuous,
convex (hence separately convex), sensitive and supermodular. It is clear that ¢; is
lower semicontinuous. Moreover, by Lemma 5, ¢; is also ultramodular, hence it has
increasing shifts. Given that ¢ and ¢ were arbitrarily chosen, we have that ®}, C ®p.
Upper hemicontinuity of each T; (and consequently of T') follows by an application of
Berge Maximum Theorem. Finally, whenever each ¢; is strictly convex, then the set

of minimizers T; is a singleton for every x € B, hence T = T is a robust aggregator.ll

Before proving Proposition 1 state and prove a preliminary Lemma of independent

interest.
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Lemma 7 Let ¢ € ®r. The following facts are true:

1. If ¢ is positive homogeneous, then there exists a robust constant affine selection
T of T;

2. If ¢ is symmetric, then there exists a robust odd selection T of T.

Proof. Let ¢ € . By point (2) of Theorem 1, we already know that there exists
a robust selection T" of T.
(1) By inspection of the proof of Theorem 1, a robust selection of T is given by

T = (T; = min'T;),. . Moreover, for every i € N, we have that

T, (x) = arg miﬂg ¢i (x — ce) Vo e B. (60)
ce

Let ¢ be positive homogeneous and fix i € N, k € I and A € [0,1]. Next, note that
equation (60) implies that for every ¢’ € R,

¢i Az + (1= A) ke = (AL (2) + (1 = A) k) e) =0 (A) ¢ (v = T; () €)

<1 (N) ¢i (x = ce)
— O+ (1= A ke— (A + (1= A k)e).

Also, given that, for every ¢ € I, there exists ¢ € R such that ¢ = A\ + (1 — A\) k, it
follows that

di( Az + (1 —=XNke— (AL, (x)+(1—=Nk)e) < ¢ (Ax+ (1 — \) ke — ce) Vee l.

Finally, we need to show that AT, (x) + (1 = Ak =T, (Ax + (1 — \) ke). Assume by
contradiction that there exists ¢* € T; (Ax + (1 — \) ke) with ¢* < AT, (x)+ (1 — A) ke.
(a=»

This would imply that ¢** = & — “52k < T () and

oa—cey=o(a- (5 - 550 )

:gbi()\:ﬂr(l)\—)\)ke_ -, <%_ (1:)\)k> 6)
:@(M+U;AM@_§%
—m(%)¢4MH41—Anm—cwy—m(%)@¢u+41—»ke—&@
<n G) 6 O\ + (1— A ke — AT, () e + (1 — \) ke)

= (5) 60 = AL (@)0) = 61 (2 ~ L. (a) ),
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that is, ¢ € T; (z). However, this is a contradiction with T, (z) = min T} (x), hence
AT () + (1= N k=T, (Az + (1 = \) ke).

(2) Fix an ¢ € N. By inspection of the proof of Theorem 1, we know that the
selection T, = min T, is robust. A completely analogous argument shows that the

selection T; = max T is also robust. Thus, the selection 7} of T; defined as

T (z) = % (minT; (¢) + maxT; ()  « € B,

is a robust opinion aggregator since it is a convex linear combination of two robust
aggregators. We next show that 7} is odd. Let € B be such that —x € B. Let x; =
min;ey x; and x, = max;ey x;, then —x € B implies [—z;, —z;] C I. By inspection of

the proof of Theorem 1 the problems

min ¢; ((—x) —ce) and min ¢, ((—x) — ce) (61)

cel c€[—zp,—z]

are equivalent. Fix ¢* € T, (x) and ¢ € [—x,, —x]. Since [ is an interval, we have
—c € 1. By definition of T

o (x—c'e) < ¢y (x — (=) e).

Moreover, given that ¢* € [z, 1], we also have —c¢* € [z, —x;] € I. But then, by

symmetry,
i (=) = (=c") e) < ¢ ((—x) — )
Given that ¢ was arbitrarily chosen, we have —c¢* € T; (—z). Given that ¢* € T, (z)

was arbitrarily chosen, we have

Next, let £ = —z and note that, by construction, —z € B. Therefore, by repeating the

same argument above, we have
hence —T; (z) = T; (—z). With this,
—minT; () = maxT; (—z) and — maxT; (z) = minT; (—x).
Finally,
L, . L.
T, (—x) = 3 (min T; (—z) + max T; (—z)) = —3 (minT; (z) + max T; (z)) = =T, () .

Given that ¢ and x were arbitrarily chosen, the result holds. |
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Proof of Proposition 1. (1) Let T be a constant affine robust aggregator. By
Theorem 1, we know that there exists a ¢7 € ®p with strictly increasing shifts such
that, for all i € N, T; (x) = arg min.c; ¢! (z — ce) for every x € B. In particular, each
#T can be defined as

of ()= nf > wyz  VzeR', (62)
JEN

w; €l’;

where
Fi(z):{piECi:pi-z:ﬂ(z)}

and 7T} is an extension of 7; to R™. Also, note that Lemma 9 in the Online Appendix
yields that T; is the unique extension of 7; being the latter constant affine. Moreover,
forall A > 0 and 2z € R”

T, (\z) = {piEC’i:pi~()\z) :ﬂ(Az)} — {pi cCp2= }(Z)} — Ty (2).
Therefore, for all A > 0 and z € R",

. 2 .
o () = dmf S wy ()" =N it S wyef = N (2),
JEN JEN

showing that ¢! is positive homogeneous. Conversely, consider a constant affine ¢ € ®p
with strictly increasing shifts such that T} (z) = arg min.c; ¢! (z — ce) for every x € B.
By Lemma 7, there exists a constant affine robust selection 7" from T. Given that T
is single valued, it follows that T' = T", showing that 7" is constant affine and robust.
(2) By Lemma 7, there exists a symmetric selection 7" from T. Given that T is

single-valued, it follows that 7' = T", showing that 7" is symmetric and robust. ]

Proof of Proposition 2. Let W € W and p= (p; : R = R), -

(ii = 1) It is obvious.

(i=iii) Let (W,p) € ®4 and fix i € N. First, we show that p; is convex. Given
that p; is lower semicontinuous, it is measurable. Therefore, by [53, Theorem C, page
221 and Theorem A, page 212] it is enough to show that p; is midpoint convex, that
is,

1

3 0@+ p(0) = o
Fix a,b € R and define ¢ = 2. If a = b then (63) is trivially satisfies. Without
loss of generality, assume that a > b. With this, we have a > ¢ > b. Next, define

a+b

Va,b € R. (63)
)

h=c—beR,,v=0be and z = ce. It is clear that v,z € R" and z > v. Increasing
shifts of (W, p) imply that

¢i (z+ he) — ¢ (2) > ¢; (v+ he) — ¢ (v),
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that is

S i (prle+1) = pi () 2 3wy (i (0 1) = pu 8)
that is
pi(c+h)+pi(b) = pi (b+h)+ p;i(c)

that is

pi (@) + e () > 201 (c) = 2, ( . b)

which shows that p; is midpoint convex, hence convex. Next, we show that p; is strictly
decreasing on R_ and strictly increasing on R, . First, fix ¢ < d < 0 and define z € R”
such that

c if wy >0

2= I vl e N.
c—d else

With this, we have z < 0. By Lemma 4 sensitivity of (W), p) implies distance monotonic-

ity of (W, p), hence that
oi (2) > ¢; <z — max Zg)
that is p; (¢) > p; (d). The case for ¢ > d > 0 is analogously shown.

(iii = ii) For every i € N, let p; be convex, strictly decreasing on R_ and strictly
increasing on R, . Since p; is convex, it is continuous. Therefore ¢; is continuous, too.
Moreover, it follows that

¢i (2) = Zwij,oi (2;) z€R"®
JEN
is separately convex. Since ¢; is additive separable, it follows that it is modular, hence
supermodular. By Lemma 5, ¢; is ultramodular, hence it has increasing shifts. Next,
we show that ¢; satisfies distance monotonicity. Let z > 0 and note that
¢i (2) = j;vwijpi (z) > jGZNwijpi (Zj - rnl}n Ze) = ¢; (Z - m}n Ze€> ;
because p; is strictly increasing on R, . The case for z < 0 is analogous and exploits
the fact that p; is strictly decreasing on R_. This shows that ¢ = (W, p) € ®p-. [

Proof of Corollary 2. If (W, p) is additive separable and, for all i € N, p; is
convex, strictly decreasing on R_ and strictly increasing on R, , then, by Proposition
2, (W,p) € 4 C ®g. By Theorem 1, T admits a selection 7" which is robust. Finally,
if each p; is strictly convex, then each
¢i(2) =) wipi(z)  z€R
jEN
is strictly convex, implying that the updating correspondence T = T is a well defined

robust opinion aggregator. |
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B Appendix: Convergence

Proof of Lemma 1. Since 7T is a robust opinion aggregator, 7; is normalized,
monotone, and translation invariant for all i € N. By [11, Theorem 4], it follows
that T; is a niveloid for all i € N. By [11, p. 346] (cf. also [15, Proposition 2]), it
follows that |T; (x) — T; (y)| < ||z —yl|,, for all z,y € B and for all i € N. It follows
that

IT () =T W)l = max | () ~ T.()| < 2 —oll,  Voye B

proving that 7' is nonexpansive.
By induction, we show that 7" is nonexpansive for all ¢ € N. Since we have shown
that 7' is nonexpansive, T" is nonexpansive for ¢ = 1, proving the initial step. By

inductive step, assume that 7" is nonexpansive, we have that

17 (@) = T ()| = 17 (T (@) = T (T* W)« < 17" (@) = T* (w)]
<lle—yle  VryeB,

o0

proving the inductive step. The statement follows by induction.
Finally, assume that 7" satisfies (17). Let x € B. Choose € = /2. Let y € B be a

generic element such that ||z —y| < e. From the previous part, it follows that

|7 (z) = T (y) || <e=_  wteN

o0 2
Since T satisfies (17), it follows that there exists § € B and ¢ € N such that ||z — 7| <
eand £ > ||T" (z) — TE(Q)HOO > r > 0, a contradiction. |

We next prove an ancillary lemma that will play an important role later on in our

proofs. It highlights the properties of the limiting operator T
Lemma 8 Let T be an opinion aggregator. If T' is such that
C— lign T'(z) exists  Vz € B,

then T : B — B, defined by T (z) = C — lim; T* (z) for all x € B, is well defined and
ToT =T. Moreover,

1. If T is nonexpansive, so is T. In particular, T is continuous.
2. If T is normalized and monotone, so is T.

3. If T is constant affine, so is T.

4. If T is robust, so is T.

5. If T is odd, so is T.
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Proof. Let € B. Since T is a selfmap, we have that {T* (z)},.y € B. Since B is

convex, we have that

1 T
;ZTt(x)eB vr € N.

Since B is closed, we have that T (z) = lim, L Y7 T" (z) € B. Consider now T (z).
We have that for each 7 € N

lin(T(x»:liTtH(x):lTZHTt(x):T“ TZHTt ——T (2).
T t=1 T t=1 T t=2 T T 1
This implies that
- 17 _— T+1 1 -
T(T(:zc))zligl;ZTt(T(x))zliPa hlnT_l_lZTt ) —lim —T (z) =T ().

Since = was arbitrarily chosen, T is well defined and T o T = T.

1. Since T is nonexpansive, we have that 7" is nonexpansive for all ¢ € N. This

implies that for each x,y € B

B ORES SE)

By passing to the limit in 7, we have that

1 T
< M@ -T'll, < v -yl VTEN
t=1

IT(x) - T W] <llze—yl, VoyeB,

proving that 7' is nonexpansive.

2. By induction, if T' is normalized, then we have that T" (ke) = ke for all t € N
and for all k € I. It follows that T (ke) = lim, 1>/ 7" (ke) = ke for all k € I,
proving that 7" is normalized. Next, consider z,y € B. By induction, if T' is monotone,
then we have that x > y implies T (z) > T* (y) for all t € N. It follows that T (z) =
lim, 3, T (z) > lim, 2 >, , T" (y) = T (y), proving that T' is monotone.

3. Consider x € B, k € I, and A € [0,1]. By induction and since T is constant

affine, we have that
T' Az + (1= N ke) = AT (z) + (1 — \) ke vVt € N.

It follows that

T (e + (1= A) ke) :lip%iTt()\x—i—(l—)\)ke) zlip%i AT (2) + (1 — A) ke]

t=1 t=1

:/\lign%i:Tt(x)—l—(l—)\)ke:)\T(x)—i-(l—)\)ke,
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proving that T is constant affine.

4. By point 2, we are only left to show that T is translation invariant. Let € B
and k£ € R be such that x + ke € B. By induction and since 7T is translation invariant,
we have that

BT ' (v +ke)=T (z)+ke VteN

It follows that

(a:—i—ke)—hm ZTt a:+ke)_hm Z [T* () + ke]
=1 T'(v) +ke=T k
1£n7_z ) + ke (x) + ke,

proving that 7 is translation invariant.

5. Let x € B be such that —x € B. By induction and since 7" is odd, we have that
B>T'(—z)=-T"(2) vVt € N.

It follows that

proving that 7" is odd. ]

Proof of Theorem 2. By Lemma 1, we know that for each ¢t € Nthe mapsT': B — B
are nonexpansive. Consider the space of continuous functions over B: C'(B). We
endow this space with the supnorm. With a small abuse of notation, we will denote by
| |l also the supnorm of C'(B) where || f|| ., = sup,cp |f (z)| for all f € C (B). Define
S:C(B)—C(B)b
S(fy=foT VfeC(B).

Note that S is a positive linear selfmap on C' (B). Moreover, S* (f) = f o T" for all
feC(B)and forall t € N. Fix f € C'(B). Since B is compact and f is continuous,
it follows that f is uniformly continuous (see, e.g., [1, Corollary 3.31]), that is, for each
€ > 0 there exists 0 > 0 such that

z,y € Band |z -yl <d = [f(z) - f(y) <e
Since T" is nonexpansive for all ¢ € N, this implies that for each t € N and =,y € B
Iz —yllo <6 = [|[T"(@) -T" W), <z —ylo <6 = [f(T" () - F(T"(v)| <e
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We have that {S*(f)},oy is a sequence of equicontinuous functions. Moreover, since
B is compact and f is continuous, there exists Z € B such that |f (z)| = || f|,,. This
implies that |S* (f) (v)| = |f (T" (y))| < |f (@)| = || f||, for all t € N and for all y € B.
It follows that ||S* (f)|l, < ||flle for all ¢ € N, that is {S*(f)},cy is bounded. By
setting ¢ = 1 and since f was arbitrarily chosen, it also follows that S is a bounded
operator. We can conclude that S is a positive equicontinuous operator. For each
7 € N also define the operator S, : C'(B) — C (B) by

1 T
=-Y st

By Rosenblatt’s Ergodic Theorem [55, Theorem 1 p. 134] (see also [60, Section 4.1]),
it follows that S, (f) — I Ve S(f) for all f € C(B) where S : C(B) — C(B). It is

immediate to see that S is linear and bounded as well (see, e.g., [1, Corollary 6.18]).
Next, for each i € N define f; : B — R by f; (x) = z;. Note that f; is affine and

fi € C(B) for all i € N. By the previous part of the proof, we have that S, (f;) — I e
S(f;) for alli € N.

Define T : B — B by T (z); = S (f;) (z) for all i € N and for all z € B. Note that
T is continuous.*

This implies that for each i € N for each € > 0 there exists 7; (¢) € N such that
T > 7; () yields that

i)

= sup %Zfi(Tt(x —S(fi) ()

zeB

sup
reB

= sup _Zst fz S(fz) (:L’)

z€B

=§1€11'3|ST f) @) =S (fi) (@)] = ||S- (f) = S (f)]|, <e

For each € > 0 define 7 (¢) = max;cn 7; (€). In particular, we have that for each ¢ > 0

and for each 7 > 7 (¢)
g (%ZTW) - T (),
TZTt ~T(x

proving that C' — lim, T (z) = T (), that is, (19) as well as (21) holds. By Lemma 8,
T is well defined, continuous, and such that To7T = T. [ |

€ > supsup
i€N z€B

= Sup sup
zeB i€N

()

= sup
zeB

Y

o0

39In what follows, inter alia, we will show that T' coincides with the operator T’ defined in (20).
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Remark 3 Theorem 2 could be seen as a version of the classic nonlinear ergodic
theorem of Baillon (see Aubin and Ekeland [2, p. 253] as well as Krengel [40, Section
9.3]). In this literature, the assumption of finite dimensionality does not seem to make
a huge difference, while the properties of the norm do. In fact, on the one hand, our
selfmap is nonexpansive when B is endowed with the || || norm. On the other hand,
in the original version of Baillon’s result, 7" must be nonexpansive with respect to the
Euclidean norm || ||,.* This is not a mere technical choice, but rather a fundamental
one driven by our opinion aggregators and their properties. For example, when T
is as in Example 3, T' is not nonexpansive for || |, while it is so for || || . At the
same time, generalizations of Baillon’s Theorem allow for more general norms (e.g.,
|1l for p € (1,00)), but to the best of our knowledge the only one that encompasses
the case || ||, is the one contained in Baillon, Bruck, and Reich [3, Theorem 3.2 and
Corollary 3.1]. Compared to our version, the part that would be missing is the one
contained in (21). Observe that (21), not only guarantees uniform Cesaro convergence
of {T"(x)},.y (something also present in [3]), but also the independence of the rate
of such convergence from the initial condition and might play an important role in

applications (a feature which is missing in the aforementioned works). A

Proof of Corollary 5. By Lemma 1 and since 7' is a robust opinion aggregator, T’
is nonexpansive. Since B = [", if I is bounded (thus, compact), then the statement
immediately follows from Theorem 2. If [ is not compact, consider x € B. By point 4
of Lemma 9 in the Online Appendix, it follows that there exists a compact subinterval
I C I with nonempty interior such that z € I" C B. Define B = I". Consider the

restriction 7' = T’ 5 Which is a nonexpansive opinion aggregator over the compact set

B. By Theorem 2, we have that
lim — XT: T () exists
T T — '

Since T* (x) = T*(z) for all t € N and 2 was arbitrarily chosen, (19) follows. By
Lemma 8, if we define T as in (20), T is well defined. Let B be a bounded subset of
B. Note that there exists a compact interval with nonempty interior I C I such that
B C B where B = I". Define T as before. By (21) applied to T', we have that

sup ZTt —T(x)|| <sup —ZTt —T ()
zeB o zeB 0
1 . =
= sup —ZTt(x)—T(a:) — 0,
zeB T t=1 00

10Recall that ||z|, = /> 1, 22.
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proving (22). |

Proof of Lemma 2. Define 7 = lim; 7% (2°). Since B is closed, note that = € B.

Since T' is continuous, it follows that
. ot 0V 1 t (0 — 1o 7L (10)
T(x)-T(hgnT (z )) —hgﬂT(T (z°)) —hgnT («°) =z,

proving the statement. By Lemma 1, if T" is robust, then it is nonexpansive and, in
particular, continuous. If T is convergent, then lim; 7" (z) exists for all € B. Since
standard convergence implies Cesaro convergence to the same limit (see, e.g., Theorem
11 below), we can conclude that T (x) = lim, T (z) € E for all z € B. |

Proof of Proposition 9. Since T is linear, T is robust. By Corollary 5, we have
that C' — lim; 7" (x) exists for all x € B. Fix # € B. For ease of notation, define

& =C —limy T" (x). Since T is linear and continuous, we have that

T(z)=T <li¥n%ZTt(x)> zliinT <%2Tt(:c)> zliln%ZTtH (x)

T+1

T+1
= lim E T (z) — —T
e T 7+1 (z)
T+1 T+1
1 1 1
:1i7r_n7—+ h;nTH E T (x (lip;) T (v) :Hin7+ : ;:1 T' (z) = &,
proving the statement. ]

Proof of Proposition 10. “Only if” If x € D, then set € (z) = % Consider then = €
B\D. We have that § (x) > 0. Since T' is a consensus operator, we have that 7' (z) # x.
It follows that ||T" (z) — x| > 0. Define ¢ () = min {%, HT(?(—X””} € (0,1). In both
cases, we have that (24) holds.

“If” Consider an equilibrium z. Since € (Z) € (0, 1), (24) yields that 0 (z) = 0, that
is, z € D. |

In the next result, we prove that in the nonlinear case, the underlying network
structure turns out to provide a form of monotonicity of the operator 1" which will help
us in proving convergence. We encountered first this form of monotonicity in Lemma
10 in the Online Appendix. Recall that for each opinion aggregator T we denote by
A (T') the square matrix such that for each ¢, j € N we have a;; € {0,1} and a;; =1 if
and only if j strongly influences 1.

Proposition 24 Let T' be a normalized and monotone opinion aggregator. The fol-

lowing statements are equivalent:
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(i) No row of A(T) is null;
(11) There exist W € W and ¢ € (0,1) such that
T(z)=eWz+(1—¢)S(x) Vre B (64)
where S is a normalized and monotone operator.
Moreover, we have that

1. W in (ii) can be chosen to be such that A (W) = A(T).

2. W in (ii) can be chosen to belong to Wy for some § € (0,1] if and only if T has

the uniform common influencer property.

3. W in (ii) can be chosen to be scrambling if and only if T' has the pairwise common

influencer property.
4. Win (ii) can be chosen to be irreducible if and only if T is strongly connected.

Proof. (i) implies (ii). For each 4,5 € N consider ¢;; € (0,1) as in (32) if j strongly
influences ¢ and ¢;; = 1/2 if j does not strongly influence i. Define W to be such
that w;; = a;;e;; for all 4,j € N. Since each row of A (T) is not null, for each i € N
there exists j € NV such that a;; = 1 and, in particular, w;; > 0. This implies that
Yo Wy > 0 for all i € N. Define also ¢ = min {min;en Y ;- Wy, 1/2} > 0. Define
W € W to be such that w;; = w;;/ > ), Wy for all 4,5 € N. Clearly, we have that
w;; > 0 if and only if w,;; > 0 if and only if a;; = 1 for all 4, j € N. This yields that
A(T) = A(W). Next, consider x,y € B such that x > y. Define 3y° = y. For each
t € {1,...,n — 1} define y* € B to be such that y! = z; for all i < ¢ and y! = y; for all
i >t+ 1. Define y* = x. Note that x = y™ > ..y' > ¢ = y. It follows that

T (0) = Ti(y) = 3 [T () =T (v )] 2 D ayey () -9 )
= Z W (QZ] y]) <Z Wi (Z Z;Dlljwzl (xj %))

Since ¢ was arbitrarily chosen, it follows that # > y implies T' (z)—T (y) > ¢ (Wa — Wy).
By Lemma 10 in the Online Appendix, (64) follows.
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(ii) implies (i). Consider i € N. Since W is a stochastic matrix there exists j € N
such that w;; > 0. Let y € B, h € R be such that y + he; € B. By (64), we have that

T (y+ he;) = T; (y) = ew;jjh+ (1 —¢) S; (y+ hej) — (1 —¢) S; (y)

> cwjjh,

proving that j strongly influences ¢ and a;; = 1. It follows that the i-th row of A (T') is

not null. Since ¢ was arbitrarily chosen, the statement follows.

1. By the proof of (i) implies (ii), we also have that W can be chosen to be such
that A(T) = A(W).

2. “If’. Since T has the uniform common influencer property, we have that there
exists k € N which strongly influences each i € N. By the proof of (i) implies (ii), we
also have that W € W is such that w;, > 0 for all i € N. If we define § = min;cy w;y,
then we have that W € Ws. “Only if”. Since W € Wj for some § € (0, 1] satisfies (64),
we have that there exists k € N such that w;, > 0 for all i € N. By the proof of (ii)
implies (i), this implies that for all y € B, h € R such that y + he, € B

T; (y + hex) — T; (y) > ewgh > e6h Vi€ N,

proving the implication.

3. “If’. Since T has the pairwise common influencer property, we have that for each
i,j € N there exists k = k (i, j) € N which strongly influences both i, j € N. By the
proof of (i) implies (ii), we also have that W € W is such that w;, > 0 and w;;, > 0. It
follows that W is scrambling. “Only if”. Since W is scrambling and satisfies (64), we
have that for each 7,j € NN there exists kK € N such that w;;, > 0 and wj; > 0. Define
ei; = min {wye, wre} > 0 for all 4, j € N. By the proof of (ii) implies (i), this implies
that for all y € B, h € R such that y 4+ he, € B

T (y + hey) — Ti (y) > ewirh > €k

and
Tj (y + her) — Tj (y) > ewjph > €;5h
proving the implication.
4. “If” By point 1 we know that W can be chosen such that A (W) = A (T'). Since
T is strongly connected, A (7T') is irreducible, and so is W. “Only if”. By the proof of
(ii) implies (i), this implies that for all 4, j € N such that w;; > 0, if we let ¢;; = cw;;,
then for all y € B, h € R such that y + he; € B

TIL' (y + hej) — ﬂ (y) > €'U}ijh > Sijh.
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But then, A(T) > A (W), and since A (W) is irreducible, so is A (T'), proving the

implication. ]

Proof of Proposition 11. By Proposition 24, if T' is scrambling (resp., strongly
connected) we have that there exist € € (0,1) and W scrambling such that

T(x)=cWz+(1-¢)S(z) Vx € B

where S : B — B is a normalized and monotone opinion aggregator (resp., strongly

connected).

a. Assume that T has the pairwise common influencer property. Let x € B\D.
Define z; = miniey 2; and z; = maxjey ;. It follows that z; > z; and ¢ # j. Since
W is scrambling, there exists k = & (4,j) € N such that w;, > 0 and wj; > 0. Define

Y = MiNy e Ny, £0 Wim > 0. Note that wg, w;, > . We have two cases:

1. xp < x;. It follows that

Ezwﬂl’l + (1 — 8) Sj (ZL’) — Zj

=1

= 5Zwﬂ (1 —x5) + (1 =€) (S (v) — ;)

1T (2) = |l o = |T; (2) — 2] =

—€§:%l +(1—¢)(z; =5 ()
> ey (xj —a) = e |v; — | 2 e () 0 (x)
where ¢ () = 7.

2. x> x;. It follows that

IT (@) = 2]l o 2 |Ts (x) = 2| = e Y wazi + (1 =) S; () — 2,

=1

e}jwd +(1—e)(S; () —x)

:5§:wd + (1 =) (Si(z) — ;)
> ey (a:k —x;) = ey | — x| > e(x)d(x)
where ¢ () = 7.

Case 1 and 2 prove that if € B\D, then (24) is satisfied by setting ¢ (z) = ev. If
x € D, we can still set € () = v > 0 and have (24) satisfied. By Proposition 10, the

statement follows.
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b. Assume that 7" has the uniform common influencer property. It follows that T
has the pairwise common influencer property. Since the latter property implies that T’

is a consensus operator, the statement follows.

c. We start by proving an ancillary fact. Namely, that for each pair of agents
(i,7) there exists a t € N such that j strongly influences i with respect to T*, that is,
formally, there exists ¢;;; € (0,1) such that

2y = T;(z) = T} (y) = cije (z; — y;).- (65)

(2

Thus, consider two generic agents i, j € N. Since T is strongly connected, recall that
A (T) is strongly connected. This implies that there exists ¢ € N and a finite sequence
{i1,...;ie1} © N such that iy = 4, iyy1 = j, and a;,,,, = 1 for all & € {1,...,t}.
Next, consider x,y € B such that z > y. By construction, we have that i;,, strongly
influences i for all & € {1,...,t} where g;,;, ., € (0,1) is as in (32). Next, fix s €
{1,...,t} and k € N. It follows that

Tzi ('CE)_Tsz (y) = le (Ts_l (37)) _Tik (Ts_l (y)) Z EikikJrl (T@ii ( ) T@ii ( )) . (66)

Next, by finite induction, we show that for each [ € {1, ..., ¢}

T, (@) = Tt (1) = (W) (T (@) =T (). (67)

Clearly, if [ = 1, then (67) follows from (66), by setting in the latter s = ¢ and k = 1.
If (67) holds for [ € {1,...,t — 1}, then

Titl (I) - Titl (y) > (H§€=1€ikik+1) (Tzi_‘_i ($) - thl;i (y))
(Hk 152k1k+1 Eir1t42 Tzi+i 1 thpri 1@))

+1 +1
(Hicillgikikﬂ) <Tzl+§ ) ( ) TzHé ) (y))

where the second inequality follows from (66), by setting in the latter s = ¢ — [ and
k =1+ 1. Finally, by setting [ = ¢ in (67), we obtain that

T (2) =T (y) =T}, (2) = T, () 2 (WsCirinsn) (T, (0) = T, () = g (25 — 05)

where €5, = II},_,&;,4,,, > 0, proving (65).

We next prove T is a consensus operator. By contradiction, assume that x is an
equilibrium of 7', but z ¢ D. Define x; = miniey ; and x; = maxjeny 2;. It follows
that x; > z; and i # j. Consider ¢ and ¢;;; as in (65). Define y = z;e. Clearly, we have
that x > y. By and since z is an equilibrium of 7" and T' is normalized, we have that

0= T — T; = ﬂt (Z‘) — Tt (y) > Eijt (l’j — y]> = Eijt (Ij — LIZ',L) > O,

(2
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a contradiction. ]

The next result is going to prove useful in transforming the convergence of the

updates’ time averages into standard convergence.

Theorem 11 (Lorentz) Let {z'},.y C R" be a bounded sequence. The following

statements are equivalent:

(i) There exists T € R™ such that

Ve >0 37 e NVm e N s.t. <e Vr>7  (68)

1 T
t=1

o0

and lim, |27 — 27| = 0;
(ii) lim, o7 = 7.

Remark 4 To the best of our knowledge, Theorem 11 was first proved by Lorentz
[41]. His result is stated for a sequence {z'},  in R where each z' is the partial sum
up to ¢ of another sequence {a’} .. In other words, Lorentz’s result is a Tauberian
theorem for series. Nonetheless, the techniques used to prove Theorem 11 are the
same elementary ones applied by Lorentz with the extra caveat of setting a' = 2! and

a® = x° — 2%~ for all s > 2, see the proof in the Online Appendix. A

Proof of Theorem 3. Before starting observe that T is nonexpansive and, in partic-
ular, continuous. By Theorem 2, we have that

hm (sup - ZTt — T (x) ) =0 (69)

where T : B — B is a continuous map such that T oT = T. Since T (T (z)) = T (z)
for all x € B, by induction, we have that T (T™ (x)) = T () for all m € N and for all
r € B.

(i) implies (ii). By Lemma 2, the implication follows.

(ii) implies (iii). Define y; = T (z%) — T* (2Y) for all ¢ € N. If lim, T* (2°) exists,
we have that there exists T € B such that for each ¢ > 0 there exists ¢t. € N such that
|7 (2°) — Z||, < &/2 for all ¢ > t.. It follows that for each t > t. we have that

lyelloe = 1T (2°) =2+ 2 = T* (%) |, < [T (2°) — 2] o + []7 = T* (") ]|« <=

proving that lim, ||y;|| ., = 0 and the implication.
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(iii) implies (i). Define the sequence z* = T* (2°) for all ¢ € N. By point 4 of Lemma
9 in the Online Appendix, we have that {z'},_ is bounded. Note that for each ¢t € N
and for each m € N

1 meﬂ _ 1 ZTm+t (IO) — lth (Tm (x())) .
T T T3
Since (69) holds, if we define T' (°) = Z, then we have that for each m € N

tim - S =t ST () = T (T (2) = T (+°) =
t=1 t=1

It follows that

T

1 - mit _ = — l t (rm (.0\) _ T m (.0
Zlgé T;x Ioo_ri}épN T;T (T (x)) T(T (x)) )
1 « _
< =N T =T
< sup 7; (z) (SE‘)OO

Since (69) holds, we have that {z'},_ satisfies (68) in (i) of Theorem 11. By Theorem

11, we have that lim; * = lim, T* (2°) exists. |

Proof of Proposition 12. The result for linear aggregators follows immediately from
[7, Theorem 2]. A counterexample in the case of robust opinion aggregators is given
by N =2, and T} () = x1, To () = max {x1, 22}, since T converges to consensus if

and only if the initial opinion y is such that y; > ys. ]

Proof of Theorem 4. (i) implies (ii). By Lemma 1 and since T is a robust opinion
aggregator, it follows that T is nonexpansive. Consider z° € B. Define B and T as
in point 4 of Lemma 9 in the Online Appendix. Since 7' is nonexpansive and asymp-
totically regular and T* (2°) = T* (z°) for all t € N, it follows that T is nonexpansive
‘ T (20) — T (mO)H — 0. By Theorem 3 and since B is com-

o

and such that lim;

pact and T is nonexpansive and such that T (z) = T (z) for all z € B, we have that

0

lim; 7" (2°) = lim, 7" (2°) exists. Since z° was arbitrarily chosen, it follows that 7" is

convergent.
(ii) implies (i). Let € B. Since T is convergent, it follows that {7" (z)},cy

converges for all x € B. We can conclude that lim, || 7" (z) — T* (z)||, = 0. Since z

loo

was arbitrarily chosen, 7' is asymptotically regular.
Next, we assume that, in addition, 7" is also constant affine.

(i) implies (iii). By point 2 of Lemma 9 in the Online Appendix and since T is

robust and constant affine, it admits a unique extension S : R” — R"™ which is also
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robust and constant affine. Inter alia, we have that S* is robust for all ¢ € N and, in
particular, positive homogeneous. Moreover, by Corollary 5 and Lemma 8, we have
that S has the same properties. Let z = 0. Consider B as in the proof of point 4
of Lemma 9 in the Online Appendix applied to S. We can choose I to be I = [—1,1]
and B = I". Let S be the restriction to B of S. Consider the space C' (é,R”): the

space of continuous functions over B which take values in R”. The space C (B , R”)
is a Banach space and we endow it with the norm || f||, = sup,.5||f (2)],, for all
fecC (B,R”). Note that {S’t}t . ccC <Z§,R”>. Since T' is convergent, so is the
extension S and we have that limi St(x) = limy S*(z) = S (x) for all z € B. This

implies that {S’t (m)} C R” is bounded for all z € B. By Lemma 8, recall also
teN

that S : R* — R" is a continuous function and so is its restriction to B which we
still denote S. By Lemma 1 and since S is a robust opinion aggregator, it follows
that S is nonexpansive for all t € N. By [19, pp. 135-136], the sequence {S’t} C

teN

@—Sk%&

C (B , R”) is also equicontinuous. By contradiction, assume that lim,

This implies that there exists ¢ > 0 and a subsequence {S’t} - {gt} such
meN teN

Stm — S|l > ¢ for all m € N. By Arzela-Ascoli Theorem (see, e.g., [19, Theorem

7.5.7]) and since {Stm} is equicontinuous and {Stm (a:)} C R™ is bounded for

that ‘
neN meN

all € B, this implies that there exists a subsequence {S’tm(”} and a function
leN

SecC (B,R”) such that limy, ‘ Sty — S| = 0. By definition of || ||,, it follows
that S (z) = lim; S0 (z) = S () for all # € B, that is, § = §. This implies that

e < limy HSWD - S ‘

= 0, a contradiction. We can conclude that
*

lim | sup ‘

b \zeB

By point 2 of Lemma 9 in the Online Appendix, recall that S*(z) = S*(z) for all
z € B and for all t € N. Note also that S (z) € B for all z € B. Consequently, define

{Ct}teN C [0, 00) by

St— S| =o.

*

Sww—émwm):%q

@ug—ggw —sup||S' (@) - S ()], VieN. (70)

cy = sup ‘
B oo zeB

zeB
By the previous part of the proof, note that ¢; — 0. Consider y € R™\ {0} and ¢ € N.
It follows that ——S* (y) = S* (L), =S ) =58 (W), and %~ € B. By (70),

9/l oo 9]l 9/l o
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we have that

_ 1
e —
i 1 @ =Sl Huyum W~

b (i) - i), =

Since y was arbitrarily chosen different from 0 and S* (0) = 0 = S (0) for all t € N, we
have that

15" W) = SW)|., <clylle,  VteNVyeR™

Since S is the extension of 7', we can conclude that

|T" (z) =T (z)|| = ||S" (2) = S (2)||, < cllzll,  VEeNVzeB,

proving (26).
(iii) implies (ii). Let x € B. Since T satisfies (26), we clearly have that T is

convergent. ]

Remark 5 Proving that asymptotic regularity is equivalent to convergence can also
be obtained with an alternative technique which does not resort to Lorentz’s Theorem,
but is a minor adjustment of Browder and Petryshyn [10, Theorem 2].*' Compared to
our version, the part that would be missing is the one regarding the rate of convergence

which is mainly due to the property of constant affinity of 7. A
Proof of Theorem 5. Let z,y € B with > y. Let ¢ € I. Then, since T is monotone

Ti(x) =T (y) > Ti (y + (i —wi) &) = Ti (y) > € (xi — i) -

Therefore, T satisfies (94) with W being the identity. By Lemma 10 in the Online
Appendix, T = el 4+ (1 — €) S where S is a robust opinion aggregator. By Lemma 1, S
is nonexpansive. Let € B. Let B be as in point 4 of Lemma 9 in the Online Appendix.
Denote by T and S the restrictions of 7' and S to B. It follows that 7' = el 4+ (1 —¢) S
and S is nonexpansive. By [26, Theorem 9.4] and since B is compact, this implies
that T is asymptotically regular. We can conclude that lim, | 7%+ (z) — T (z)|, =
lim, HTt“( ) — T (z )H = 0. Since = was arbitrarily chosen, 7" is asymptotically
regular. By Theorem 4, “the statement follows. ]

Our results about convergence of robust opinion aggregators can all be reduced to
the following convergence result which generalizes Berger’s Theorem (see, e.g., [6] and

[35, Corollary 8.2]). On the one hand, Proposition 25 generalizes Berger’s result in

1 Browder and Petryshyn [10, Theorem 2] is a result for self-maps from a Banach space to a Banach
space. Here, B might be a proper subset of R"™. A proof is available upon request.
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two distinct ways: a) it allows for nonlinearities of 7" and b) it offers some estimate
about the rate of convergence. On the other hand, it provides only a sufficient con-
dition for convergence to consensus. In words, it says that if there exists £ € N such
that 7" has the uniform common influencer property, then 7' is a convergent opinion
aggregator which always converge to consensus. From an economic point of view, if
Tt has the uniform common influencer property, it means that there exists an agent in
the population such that a change in her opinion influences each agent after ¢ rounds

of updating.

Proposition 25 Let T be a robust opinion aggregator. If there exists t such that Tt
has the common influencer property, then T (z) = lim,T* (z) € D and there exists
ee€(0,1)

T () - T ()| . <2 -l 2,  vteNvzeB (71)

Moreover, if t = 1, then e can be chosen to be the one that satisfies (28) and for each
m,t € N such that m >t

|T™ () = T' ()| < 2(1 — &) ||,  Vae€B (72)

Proof. Before proving the main statement, we need to state and prove an ancillary
claim. We just introduce some notation. Given a sequence of stochastic matrices,
{Wi},en € W, we denote by III*1 W, the backward product of the first ¢ + 1 elements,
that is, 1 1W, = W, IT_, W, = Wiy ... W, for all t € N.

Claim: If {Wi},cn © We for some € € (0,1), then for each t,m € N such that m > ¢

Jam Wy e — (oW« <20 - fall,  VeeB

Proof of the Claim. Recall that the product of stochastic matrices is a stochastic
matrix, thus ITI!_, W, € W for all ¢ € N. Next, define Vo = {y € R": > " |y, =0}. By
[58, p. 28], note that for each y € Vy and [ € N

y Wi € Vo and [ly"Wi|, < (1-¢)[lyll,
where ||y||; = >, |vi|. By induction, this yields that
Iy il < =2)'llyl, vy eV, (73)

Finally, consider x € B and m > t. By the definition of backward product, it follows
that (I, W)z = (1", W;) (IT_,W}) 2) and (II{_,W,) z. Observe that

(021 92) (W) ) — (T W) & = (I W0) — 1) (T Wi) @) = Z ()
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where Z = II}*, W, — I and R = II}_;W,. Note that R,II}, W, € W and, in
particular, the entries of each row of Z sum up to 0. Denote by z' the column vector
whose transpose is exactly the i-th row of Z. It is immediate to see that it is the
difference of two probability vectors, thus z* € V; and ||2*]]; < 2. The quantities Z (Rz)
and Rx are vectors of R" and the i-th component of the former is exactly (ZZ)T Rz. By

(73) and since z' € V), we can conclude that
)" (k)| = () R) o] < || R Nzl < (=2 [[#], ol
<2(1-¢) [l

Since (II™ W) z — (IT}_,W,;) & = Z (Rz) and ¢, m, z, and ¢ were arbitrarily chosen, we
have that

(T, W) & — (T, W) 2 |_’ ‘<2(1—g) |zl Vx € B,Vie N,¥m > t.

We can conclude that
| (T2, W) & — (I, W) x”oo <2(1—&)'|zll, Vz€B,Vt,meNst. m>t, (74)

proving the claim. 0

We start by proving the case ¢ = 1. By Proposition 20 and its proof and since
t = 1, T has the uniform common influencer property. It follows that for each z € B
there exists a matrix W (z) € W, such that T (z) = W (z) x for all z € B. Fix z € B.
Define W, = W (T*"! (x)) for all t € N.** We have that for each m € N

T () =W (T (2)) T (2) = (I, We) @
By the previous claim, we have that
|77 (@) = T (@), = |0 W) & — (T W) | < 21— o) flall,, Ve,m € Nsi.

Since x was arbitrarily chosen, (72) holds with ¢ where ¢ is the one that satisfies (28).
This implies that {T" (z)},.y is a Cauchy sequence in B. Since B is closed and x was
arbitrarily chosen, it follows that lim, T* (z) exists and belongs to B for all z € B. By
Lemma 2 and since T is convergent, we have that T (z) = lim, 7" (z) for all z € B.
By taking the limit in m in (72), (71) immediately follows for the case f = 1. By
Lemma 2 and since T (z) = lim; T (z), we have that T (x) is an equilibrium of T for
all z € B. Proposition 11 and since T" has the uniform common influencer property,
T is a consensus operator and T (z) = lim; 7" (x) € D for all x € B. If £ > 1, define
U : B — B to be such that U = T?. Note that U is a robust opinion aggregator.

12 As usual, TV (z) = x for all z € B.
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By assumption, it follows that U satisfies the uniform common influencer property for
some ¢ € (0,1). By Theorem 6, we have that

|U(2) = U (2)]|  <2(1—¢)||z|, VtENVzeB (75)

and U (x) = lim; U! (z) € D for all # € B. Consider z € B and, for ease of notation,
we denote Z = U (). Let t € N. We have two cases:

1. t < t. In this case, it follows that m =0 and
|7 =7 @)l < 0@+ [T @] < ol + ol =20 =)L 2]

2. t > t. In this case, it follows that there exists n € N such that nt <t < (n +1)%.

This implies that n < ¢ < (n+1) and n = |%]. We have two subcases:

(a) n =% In this case, we have that

Jo =T @), = |7 =T @)| =z - U" @l <20 -2)" o]l

(b) n < %. In this case, define j =t — nt. Since Z € D, we have that

Iz = T" @), = |7 @) - T* @], < [l = T )]

=||T@)-T" (=) <.
< a1 @), = o -7 @)
=z -U" ()], <2(1-¢)"[lz]l-
Since t and x were arbitrarily chosen, points 1 and 2 prove that
|U (z) =T (x)”oo SQ(I—&)EJ lz |l vVt € N,Vz € B. (76)

It follows that {7" ()}, converges for all z € B. By taking the limit in ¢, this implies

that T (z) = lim; T* (z) = U () € D for all x € B. Thus, (76) implies (71). |

Proof of Theorem 6. By hypothesis, in Proposition 25, we can set £ = 1. By (72),
it follows that

|77 (2) = T" (2)|| . <2(1—¢e)" ||| Ve e B (77)

holds. By Proposition 25, we also have that T (z) = lim; T* (x) € D for all x € B.
By taking the limit in m in (77), this implies that (29) follows. Finally, by (77) and
setting m =t 4+ 1 and taking the limit in ¢, we have that for each z € B

0 < limsup |7 (z) = T" ()| , < lim2(1 - &) x|l <0,
t
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proving that 7' is asymptotically regular. |

Proof of Theorem 7. By point 3 of Proposition 24 and since 7' has the pairwise
common influencer property, we have that there exist £ € (0,1) and a scrambling
matrix W € W such that

T(r)=éWz+(1—-8)S(x) VreB

where S is a normalized and monotone opinion aggregator. By induction, this implies
that for each t € N

>y = T'(x) =T (y) > W (z —y).

By [57, Lemma 4.5] and since W is scrambling, we have that there exists £ € N such
that W' has a column whose entries are all strictly positive. By [33, Theorem 2], it
follows that ¢ can be chosen to be such that ¢ < n? — 3n + 3. Define W = Wi, Since
W has a column whose entries are all strictly positive, note that W & Wjs for some
d € (0,1). It follows that

>y = T'(x) =T (y) > W (x —y) =& (W — Wy).
By Lemma 10 in the Online Appendix, we have that there exists a robust opinion
aggregator S : B — B such that T* (z) = &Wz + (1 - 575) S (z) for all z € B. By
point 2 of Proposition 24, we can conclude that T? has the common influencer property.

By Proposition 25, T (z) = lim; 7" (z) € D for all z € B and there exists € € (0,1)
such that (31) holds. |

Proof of Theorem 8. By Proposition 24 and since no row of A (7') is null, 7" admits
a decomposition

T(zx)=eWz+(1—-¢)S(x) Vx € B
where S is a robust aggregator, ¢ € (0,1), A(W) = A(T), and therefore N’ is the
unique closed and strongly connected class under W, and N’ is aperiodic under W. By

induction, note also that
T (z) = 'W'e + (1 —¢) Sy (x) Ve e B,Vt e N (78)

where S, is a normalized and monotone opinion aggregator for all ¢ € N. By [35,
Corollaries 8.2 and 8.3], we have that there exists f € N and & € (0,1) such that W*
has a column k whose entries are all greater than or equal to some & € (0, 1). Since N’
is closed k € N'. Define U : B — B to be such that U = T*. Note that U is a robust
opinion aggregator. By (78), it follows that U satisfies the uniform common influencer

property for some £ € (0,1). By the same proof of Theorem 7, we have that

T () - T ()| . <20 -l 2, WweNveeB
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Moreover, by [33, Theorem 2], and since N is closed, strongly connected, and aperiodic
under W, we have that wj; > 0 for every i, j € N" and t > [N'|*=3|N'|43. Let j € N'.
Since N’ is the unique closed and strongly connected class under W, there exists a
sequence of indexes such that w;,;, - ... - w;,_;, > 0, 43 = j, and ¢, € N'. Since there
are only n — |N'| elements in N\ N’ the length of the shortest of these paths is at most
n — |N'|. Therefore wj, > 0if 7 > [N'[? = 3|N'| +34+n — [N'| = [N'|* = 4|N'| + 3 + n.
This proves that # can be chosen equal to |N|?> — 4|N'| + 3 + n.

If N’ is also self influential, since 1 is self influential on N’ we have wj; > 0 for
every i,j € N and t > |N'| — 1 and, by an argument analogous to the one above, we
can choose f = [N'| —1+n —|N'| =n — 1. |

Proof of Corollary 6. The result immediately follows from Theorem 8 since a

strongly connected and aperiodic robust opinion aggregator satisfies (i) and (ii), with
N = N. |

Proof of Proposition 13 The result immediately follows from considering 7" such

that 77 (x) = minsey 2; and T (z) = max;en ; for all j # 1. |

Proof of Proposition 14 By Proposition 1, T" is constant affine. Let z ¢ D. Since
the loss function is convex and differentiable, a necessary condition for optimality of

T; (z) is given by

Z piwij vy = Ti (z)[" "+ Z piwij |v; — T; ()| =o0.

Jixi>Ti(x) Jixy>T;(x)

Since this is a differentiable function of x, the Implicit function Theorem guarantees

that
pi—2

oT; (z) wy |z — T; (x)

O, S jen Wi | = T ()"

By Euler’s homogeneous functions theorem,

T, alv — T ()2
T'Z(JZ) :Za (x>xl _ wl|xl ((13)| pi_zml'
lEN Oz, ZjGN wij |z —T; (z) [

Let i* € argmax;cy z; and i, € argmin;ey ;. We show that
|Tix () = Ty, (x) | < @i — (79)

and since ¢* and i, are chosen arbitrarily in the set of maximizers and minimizers, this
shows that max; ; |T; (x) =1} (z) | < max;; |x;—x;|. Since W is scrambling, there exists

J € N such that w;+; > 0 and w;,; > 0. We have four possible cases:
o T« (z) =T, (x) = x;. Then (79) follows immediately.

86



o Tiv(x) =x; #7T;, (x). Then

Dix—2

wy,j vy —T;, (v)

— >0
ZheN wip |zn — T ($)|pl 2

and
wy | — Tj ()P
T ()~ To ()| = |y — T (2) ] = [ - .
> nen Win |Tn — Ti (%)
pi—2

Z wy |2y — T; ()

145 ZheN Wip |xh - TZ (CC)

pi—2 (xl B xj)

Pi—2

IN

Z wi |z — T () (T — x3,)

1£] > nen Win [zn = Ti ()

Wi, |z — T, ()72

(e ) e )
ZheN Wi, h |Th i (CE>

< (zp —24,) -

pi—2

e A similar proof covers the case T} () # x; = T;, ().
e Finally, suppose that we have T}« (z) # x; # T;, (x). Let

K:mm{wm%—ﬂ@)

Diy —2

Dix —2
— — > 0.
PN e win |z = T () 2}

> nen Win [vn — T (z)

We have
Tix (z) =T, (2) | < (1 = K) (e — 3,) < (230 — 23,) -

Then the result follows from point (iii) of Theorem 8.3.4 in [39]. |

Proof of Theorem 9. Let x € B. Call V the set of values the components of = take:
V = {x1,...,x,}. Define U to be the subset of vectors y in B such that each component

of y coincides to some component of x, formally

U={yeB:y eV Vie{l,..n}}.

Since the components of the vector x might not be distinct, note that the cardinality
of U is at most n". Since v; is {0, 1}-valued for all i € {1,...,n}, note that T; (y) € V
for all y € U and for all i € {1,...,n}. This implies that T'(z) € U. By induction, it
follows that 7" (x) € U for all ¢ € N. This implies that the sequence {T" (z)},.y can
take at most a finite number of values. We have two cases:
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L. {T" (x)},oy converges. If {T" (x)},. converges, then the previous part implies
that {T" (z)},.y becomes constant, that is, there exists £ € N such that

T (z)=T'(z) e U  Vt>1i. (80)

Call 7 the limit of {T" (x)},.. Note that = 77 () and T* (z) = 7 for all t € N.
In particular, we have that

T (z) =1Z. (81)

Define now ¢ € N to be such that t = min {¢t € N: 7" (x) = z}. By (80), ¢ is well
defined. We next show that T (x) # T™ (x) for all m,t < ¢ such that m # t.
By contradiction, assume that there exist m,t < ¢ such that m # ¢ and T* (z) =
T™ (x). Without loss of generality, we assume that m > ¢. This would imply that
T (2) =T (T (z)) = T (T™ (x)) = T™" (x) for all n € N. In particular, by
setting n = £ —m > 0, we would have that T**" (z) = T™+" (z) = T* (z) = .
Note that ¢ =t +n < m + n = £. Thus, this would imply that

T'(z) =z and { < I,

a contradiction with the minimality of ¢. By definition of ¢, we can also conclude
that 7" (x) # Z for all ¢ < ¢. This implies that {T* (x)}f;i is contained in U\ {z}.
Since U contains at most n™ elements and the elements of {T" (a:)}i: are pairwise
distinct, it follows that £ —1 < n™ — 1, proving that {T" (x)},.y converges only if

it becomes constant after at most n™ periods.

2. {T" (z)},cy does not converge. Define 7 = n”. Recall that {T* () ?Ill C U where
the latter set has cardinality at most 7. This implies that there exist 1, t < 741
such that T (z) = T* () and . # £. Without loss of generality, we assume that
m > t. It follows that

T (2) = T" (Tf (x)) =T (T™ (z)) = ™" (z)  VneN,

Define p = i —{ > 0. We have that Tt (2) = Tt (z) for all n € Ny, proving
that T* (x) = T*? (z) for all ¢ > {.

Points 1 and 2 prove the first part of the statement as well as the “only if” of the

154

second part. The “if” part is trivial. |

Proof of Proposition 15. Before starting, define By,; = {x € int B : x; # xy, if | # k}N
int B. By Proposition 26 in the Online Appendix, Bi,; is dense in int B, and so, in B.
Since T is nonexpansive and Bjy; is dense, if T; (z) = x; for all # € Biy;, then T} (z) = z;
for all z € B. Thus, T; (x) # x; for some = € B if and only if there exists y € Bj,; such
that T; (y) # v;-
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(i) implies (ii). By assumption, there exists €;; € (0,1) such that
vy = Ti(z) —Ti(y) = &5 (z; —y;) -

By contradiction, assume that 7" there exists y € Biy; such that T; (y) # y;. Since
Bin; C int B, there exists £ > 0 such that z € R” and ||z —y||,, < € yields that
z € int B. Since T; (z) = E,; (z) for all x € B and v; is {0, 1}-valued, it follows
that there exists h € N such that T;(y) = yp. It follows that j # h. Define § =
min {ming penuzn |y — yal, €} /2. Since y € By, and € > 0, we have that 6 > 0 and
0 < &. Define z to be such that z;, = y; if h # j and z; = y; + J. It is immediate to
see that z > y and = € B. At the same time, T; (z) = [ zdy; = x;, = yp, yielding that

0=uap—yn="T;(x) = T; (y) > ey (x; — y;) > €50 > 0,

a contradiction.

(ii) implies (i) and the particular cases are trivial. [

Proof of Proposition 16. (If) Let ¢;; = mingcon f; (Z leA/{j} Wil + wzj) —[i O 1eawy).
Since f; is strictly increasing, w;; > 0, and N is finite we have ¢;; > 0. Given [25,
Theorem 14 and Example 17] p; € 97;(0) = p;; > €;;. Now, let z,y € B with
x > y. By Lebourg’s Mean Value Theorem, we have that there exist A € (0,1) and
pi € OT; (Ax + (1 — A\) y) such that

Ti(x) = Tiy) = pi- (x —y)

By [25, Theorem 14 and Example 17], 9T; (Az + (1 — \)y) € 97; (0) € A(N), and
therefore
Ti(z) = Ti(y) =pi- (x —y) = &5 (x; — y5).-
(Only If) Suppose that i strongly influences j, and let x € int BN Bj,;. Then z € B,
and there exists § > 0 such that x + de; € B,. Then by (40)

fi (Z ;r;;(j)wz'z> — [i (Z Z:ll(j)_lwil> =T, (x+dej) = T; (x) > €50 >0
and this implies w;; > 0. [ |

Proof of Proposition 17 Let x € B. It follows that x € B, for some © € II.
Consider W, as in (41). First, we prove that if 7" is assortative, then ¢ > j implies
T (2) i) = T (3) 5 for all t € Ny, that is, 7" (z) € B.."> The statement is clearly
true for ¢ = 0. Suppose it holds for ¢. By (41), we have that

T(y) =Wy Yy € Bﬂ-/,VW/ e IL.

43 As usual, TV is the identity operator.
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Let W be such that T'(z) = Wx. Let k € N. Since z and z* are comonotonic, by [43]
we have that
T (xk) = Wa".

Therefore assortativeness implies that for all £ € N
wi-xk—wi-xzwj-mk—wj-m.

In turn, this implies that

Z Wi > Z wij. (82)

1<k 1<k

But then, since by the inductive assumption 7%"! (x) and x are comonotonic, by [43]
T (T () =WT" (). (83)

This, together with (82) implies that 7" (z), > T* (x),, proving the preliminary claim.
But notice that (83) implies that

T () =W'-z
proving the statement. ]

Proof of Proposition 18. We first prove point 2, then point 1.

2. Given z° € B, the sequence {z'},_y, defined as in (42), is a specification of the
Mann’s iterates of T', using as weights {\;}, . Consider B as in point 4 of Lemma 9
in the Online Appendix. Note that T (B) C B and ! € B for all t € Ny. By Ishikawa

[34, Theorem 1], we have that {z'},_ converges and its limit is a fixed point of T'.

1. By Lemma 10 in the Online Appendix and since T is self-influential, there exists
e € (0,1) such that T'= el + (1 — ¢) S where S is a robust opinion aggregator. Note
that given A € (0, 1] we have that

DY Q- NI+AT=(1-NT+Al+(1-)AS=(1-NI+7SY 3,

where v = (1 —e) A < (1 —¢). Given 2° € B, the sequence {z'},_, defined as in (42),

can be rewritten as
2t =S, (:Et’l) and S; = (1 — ) [ + S Vit e N

where v, = (1 —e) \; for all t € N. We have that 0 <, < (1 —¢) < 1forallt € N as
well as "%, 74 = oo. By point 2, we can conclude that {z'},  converges to a fixed
point of S. It is immediate to see that the fixed points of 7" and S coincide, proving
the statement. ]
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Remark 6 On the one hand, the updating process that we study at the very beginning
of the paper generates a sequence of updates {T" (2°)}, . If we define 2* = T* (2) for

all t € N, then the sequence of updates is such that
2t =T (xt_l) vVt e N

which are also known in the mathematical literature as Picard’s iterates. On the
other hand, the sequence of updates generated by the updating procedure of DeMarzo,
Vayanos, Zwiebel [17] are known as (a version of) Mann’s iterates (see Mann [42] and
Ishikawa [34]). Both types of iterates are widespread in the literature of fixed points
approximation which deals with the study of recursive procedures that yield existence

and convergence to fixed points of selfmaps (see, e.g., Berinde [6]). A

Proof of Proposition 19. Fix 2° € B. Consider B as in point 4 of Lemma 9 in
the Online Appendix. Observe that T’ (B) C B. Define also R : B — B to be such

that R (z) = oT (z) + (1 — a) 2° for all z € B. Since a € (0,1), R is well defined. By
Lemma 10 in the Online Appendix and since T is self-influential, there exists € € (0, 1)
such that T'= el 4+ (1 — &) S where S is a robust opinion aggregator. It follows that
for each z € B

R(x)=al(x)+(1—¢)S(x))+ (1 —a)a’
=ael () +(1—¢)aS (z) + (1 —a)a’
=0l (z)+ (1 —=0)P(x).

where 0 = ae € (0,1) and P (z) = %S (a:)—i—%xo for all z € B. Since S (z),2° €

B, note that P : B — B. Since S is nonexpansive, observe that for each =,y € B
(1-9)a
1P (2) = P (W)l = 57— 15(2) =S W)lloe < 15(2) = S W)lloe < llz — vl
By definition of R, we have that R (z°) = z'. If R'(2°) = 2 € B when t € N,
note also that R'*!(2°) = R(R'(2°)) = R(a") = 2*' and 2'*' = R(2') € B. By
induction, it follows that {R! (2°)},.y = {2'},cx € B. By [26, Corollary 9.1] and since
R =4I+ (1—6)P where § € (0,1) and P is nonexpansive and B is compact, we have

that 7 = lim; 2 = lim; R’ (2°) exists and 7 is a fixed point of P, that is,
T=0t+(1-8)7=062+(1-0)P(z)=R(Z)=aT (z)+ (I — ),
proving the statement. ]

Proof of Proposition 20. 1. By assumption, there exists ¢ € (0,1) such that for

each i € N and for each x,y € B
vy = T;(z)-Ti(y) 2 ez —y). (84)
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Consider 7 € int I. Denote by e’ the vector whose i-th component is 1, and all the
others are 0. Since re € int B, we can choose v > 0 such that re + e’ € B. Define
r =re+ye and y = re + Je where ¥ = ey > 0. Since re +ve' € B and € € (0, 1),
note that »r <r+74 <r+~ € I, yielding that r +4 € I and y € B. By (84) and since
T is robust, it follows that for each A € (0,1] and z € B

T+ (1—-Nz2)—Ti(Ay+(1—X)z2)

ST et (1= N2 - T+ et (1-)2)
=T, (A+1=XNz)—Ti(Are+(1=X)z) — Ay
>e(Ar+ (1 =Nz =Ar—(1=X)z)— M\
=ecAdy— Ay =0.

By definition of ¥, it follows that x ~F y. By (46), we have that

p-(re+~e') >p- (re+ Fe) Vp € C;,

that is,
Ypi > Vpe(C; = p; > ¢ Vp € C;,

and the implication follows. Since ¢ was arbitrarily chosen, the statement follows. It is
immediate to conclude that there exists € € (0,1) such that w;; > ¢ for all i € N and
for all W in W (T)).

2. By assumption, there exist k € N and ¢ € (0, 1) such that for each i € N and

for each z,y € B
v>y = Ti(x) =T (y) > e (xr — yr) - (85)

Consider r € intI. Denote by e* the vector whose k-th component is 1 and all the
others are 0. Since re € int B, we can choose v > 0 such that re + ve* € B. Define
r =re+ve* and y = re + Je where ¥ = ¢y > 0. Since re + ye* € B and € € (0,1),
note that r <r+4 <r++~ € I, yielding that r + 4 € I and y € B. By (85) and since
T is robust, it follows that for each i € N, A € (0,1], and 2z € B

T+ (1-XNz2)—-Ti(Ay+(1—=X)z)
=T,(M+1-=Nz2)—T,(AN(r+73)e+(1—X)z)
=T, (AM+1=Nz2)—T;(Are+(1—-X)z2) =Ny
>e(Arg+ (1 =N zg—Ar—(1=X)z) — ¥
=eAy— Ay =0.

By definition of -, it follows that x 7ZF y for all i € N. By (46), we have that

p-(re%—vek)zp-(rejtﬁe) Vp e C;,Vi € N,
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that is,
VP > VpeCi,Vie N — pp, > ¢ Vp e C;,Vi € N,

and the implication follows. It is immediate to conclude that W (T') C W;; for some
k € N and for some ¢ > 0. [

Proof of Theorem 10. Before starting, recall that for each y € B there exists
W (y) € W (T) such that
Ty)=WI(yy (86)

Given x € B, for ease of notation, define W, = W (T*"! (z)) for all t € N.** We have
that for each m € N

T (x) =W (T " (2)) T (z) = (T2, W) . (87)

1. By assumption {W,;},.y € W. for some € € (0,1). By the claim in the proof of
Proposition 25, we have that

|7 (2) = T" (2)||, = |2, W) & — (T, W) 2| < 2(1—¢) |lo]l,  Vm >t

(83)
This implies that {T" (x)},.y is a Cauchy sequence in B. Since B is closed and z was
arbitrarily chosen, it follows that lim; 7" (x) exists and belongs to B for all x € B.
This implies that 7', defined as in (48), is well defined. By taking the limit in m in
(88), (49) immediately follows. We are left to show that T (z) € lim; 7" (z) € D for
all z € B. We argue by contradiction. Fix # € B and assume that T (z) ¢ D. By
Lemma 2, we know that T (z) is a fixed point of T.. For ease of notation, we denote
T =T (x). Since T ¢ D, it follows that there exists i, j € N such that ; < ;. This
implies that minen 7; < 2; < T; = maxjen Z;. Without loss of generality assume
that mineny 7; = 7; and z; = maxjey Z;. Consider W (z) as in (86). By assumption,
W (z) € W, for some € € (0,1). Thus, there exists a column k whose entries are greater
than or equal to € € (0,1). Denote the entries of W (z) by w,, with I,m € {1,....n}.
We have two cases either 7, < Z; or Z} > ;. Since 7 is a fixed point of 7', in the first

case, we have that

E W; T = WjgTk + E W;x; < Wigxj + E W;xTj = Tj,

I#k I#k

yielding a contradiction. In the second case, we have that

E WyT; = WikTr + E WyZ; > WikT; + g WyZ; = Ty,

14k 14k

4 As usual, TY (z) = = for all x € B.
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yielding a contradiction, proving the statement.

2. By (87), {T™ (%) },,en = {2 Wh) 2}, o for all 2 € B. By [13], we have that
{2 W)}, en © W componentwise converges to a matrix W € W. It follows that
lim,, T (z) = lim,, (II}*,W;) x is well defined, proving that 7" is convergent. |

C Appendix: Location experiments and other foun-

dations

Proof of Proposition 3. For each : € N, the MLE T; is a selection from the solution
correspondence

T — Ti (:l;) = arg miﬂlg[l _fi,X,c (1')
ce

where f; x . denotes the pdf of X given that the location parameter is ¢ and the error

terms have the distribution f;, that is,

fixe (@) = fi(x —ce).
Therefore,
T, (z) = argrgélﬂrkl filx —ce) = argmln— l;lvf’”
j

Since the set of minimizers is not affected by a strictly increasing transformation of the

objective function, we have
T, (x) = arg min — Z log fij (x; —¢).
JEN
Then, the result follows by Corollary 2. |

Proof of Proposition 4. Notice that the posterior expectation is the (unique) solu-

tion of the problem

al“gfcfgﬂg/ (c— p)*dA <#| (%)jeM) = argl?eiﬁl/ (c=p)’ f %JGN J;Z](( - ig) du’d
—00 —0o0 JEN; J U

(89)

= argrcréllg/ H fij (x

JEN;

We start by proving normalization. Suppose that the realization is such that x = ke
for some k£ € R, and let ¢ < k. We will prove that if ¢+ ¢ < k than

| ere=w T stk =wau< [~ (= T] £tk =

o0 JEN; JEN;
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By setting 6 = k — p, this is equivalent to
| e == w) [T fo (k= mdn <o
- JEN;

@—/ (e+e—k+0)°—(@CE—k+9)? Hfm )do <0

JEN;

0
@—/ ((6+5—k+5) (¢ —k+0)° wa

—/OOO((E+5—I<:+5) (6—k+90)° ijw §)ds <0

@—/;((Ha—kw) E—k+96)° wa

—I—/_:((c+5—k: )% — (c—k—é)z)Hfij(—(S)d(5<0

@/ (G4e—k+to)— (c—k+6)2;Hfij(6)d5

—l—/_(;((c—l—s—k 6)? — (c—k—é)Q)Hfijl((S)d5<O
<:>/_io((5+€—k—5)2—(E—k—§)2)—((é+£—k+5; (e—k+06)?) [] fis(6)do <0

JEN;

where the fourth equivalence is because of the symmetry of f;;. However, then notice
that strict convexity of the square guarantees that the last inequality holds. A similar
result proves that also ¢ > k cannot be a solution of the problem. Monotonicity follows

from [45, Proposition 1]. Finally, for translation invariance, notice that if
/ w? I i (@ / w T £ (@ — ) dp >0
- JEN; JEN;

then by letting p/ = p—k

/_Oo(c+k—u>2Hmwk—u)du—/ @+ k=) T fis G+ b — g s

[e.e]

JEN; - JEN;
:/ wa d,u—/ (=) wa rj—p)dy’ =0,
- JEN; JEN;
proving that the solution of the problem is translation invariant. |

Proof of Proposition 7. By Theorem 1, we know that

T, (z) = arg miﬂg o; (x — ce) Vr € B
ce
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admits a robust selection 7. Fix that selection as well as x € B and h € R, such
that © + he; € B. By Lemma 6, for all z € R, ¢; (2 — ce) is a convex function of c.
Therefore, T; satisfies the first order conditions (see, e.g., [50, Proposition K.4.8]):

¢ (x = Ti (x) es5e) =0,
and
¢, (x + he; — T; (x + hej) e;e) = 0.

Since ¢ is locally Lipschitz, ¢, is Lipschitz on every compact set. Let L be the Lipschitz

constant of @} (-;€) on [min / — max I,max I — min /]". Note that

eish < ¢ (v = Ti (x) e + heyse) — ¢ (v — Ti (x) e €)
= ¢; (z — Ti (z) e + hejie) — & (x + he; — T; (x + hej) e e)
< L||(x —T;(x) e+ hej) — (x — T; (x + hej) e + he;)
= LI[(T; (z + he;) = Ti (x)) e |

= L(T; (z + hey) = T, (2)) |[e]|

oo

that is
T; (x + hej) — T; (x) > fh“

Proof of Corollary 4. Since p; is strongly convex, p/ () > 0 for all z € [min] —

max [, max I — min /]. Being stongly convex, p; is also strictly convex, and by Propo-

sition 2 the solution correspondence is single valued. Denote the solution function as 7T;.

But then, notice that since p is twice continuously differentiable K = min.¢min 7—max 7,max 1-min 1] 2§ (2) >
0

@i (v —Ti (v) e + hejse) — ¢ (x — T (z) ese)
= wijp; (x; — Ti (x) + h) — wijpj (v; — T; (v))
> Kh > 0.

Proof of Proposition 8. Fix x € B. The problem of agent i is equivalent to

argmin » a;;p; (v; — c)
ceR “4
JEN

where a;; = 1 if w;; > 0 and a;; = 0 otherwise. Since p; is strictly convex, a necessary

and sufficient condition for T} (x) to solve the problem is the first order condition

> aipi (¢ = Ti () = 0.

JEN
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Define

Fe(z,9) = aip) (x; — y) + apl (z —y) .
J#k
Therefore, the necessary and sufficient condition implies that for all £k € N

Let k € N. By the Implicit Function Theorem
OT; (x) aip; (xr, — T (z))

Oz Yjen il (w; — T (x))

Since x and T (x) lie in I = [a, b], we have that |z, —T'| € [0, (b — a)]. Denote as

pl= min_p(z) and 5 = g/ ().

Since p; € C? and p/ > 0 the maximum and minimum are attained and 0 < P < py

Then Y
oT; () aippi (xr, — T (x)) aikp;

= > - —.
Ox, Yjen ipi (xy —T(x) — [{j:ay =1} |p]

/!

2,
ean=1}157

Therefore, let a;; = 1, and x > y Let ¢;; = Then if we define z as

Rk = .
yr ~ otherwise
monotonicity implies that T; (x) > T; (z). Moreover, since a;; = 1,

oT; (x) P}

1

> - — -
Ovy  — |{j:aiy =1} |0}

and therefore T; (x) — T; (y) > T; (2) — T; (y) > (v — yg) minges mgézl) = (zx — k) €ij-
But then

oT; (x) _ pi (xp — T (x)) <

Oy, ZjeNi\{k;} pi (x; — T (x))

n (&

<¢

c
IN;| = “min [Ng|n’

D Appendix: Vox populi, vox dei

Proof of Proposition 21. We proceed by proving two intermediate steps. First, we
prove that T; (n) is an unbiased estimator for all n € N and for all i € N. Second, we
show that (51) yields that T; (n) is not extremely sensitive to changes coming from a
single observation. Finally, by applying McDiarmid’s inequality, we obtain (52). Before

starting, we make a few observations. By Corollary 5 and by points 4 and 5 of Lemma
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8, we have that T (n) is a well defined odd robust opinion aggregator for all n € N.
Since T is a consensus operator, it follows that T} (n) = T; (n) for all i,j € N and
n € N. Since {X;},  are uniformly bounded and measurable and T; (n) is continuous
for all i € N and n € N, it follows that 7; (X7, ..., X,,) is integrable for all i € N and
for all n € N.

Step 1. For each i € N and n € N

E (T; (n) (X1,.... Xp)) = /QTZ-(n) (X1 (W), ., Xy (W) dP = p. (90)

Proof of the Step. For each j € N define €; = X; — p. Since X is symmetric around g
for all j € N, we have that {¢;},_y is a collection of uniformly bounded and symmetric
around 0 random variables. By [1, Theorem 13.46] and since 7" (n) is odd for all n € N,
this implies that for each n € N

LT 6 @) @) P = [ i) (=21 ()20 (@) aP
_ _/Qﬂ(n) (c1(@) oy en () AP,
It follows that for each n € N
2 /Q T; (n) (g1 (W), ... en (w)) dP = 0.
Since T is translation invariant, we can conclude that for each n € N
E (TZ (n) (X7, ...,Xn)) = /Qﬂ (n) (X1 (W), ..., X, (w)) dP
= [ T 1 @) 20 ) 0P
Zu—i-/QTi(n) (e1 (W), .nen(W)dP=p  VneN,

proving (90). O
Step 2. For each j € N and for each n € N

sup T (n) (z) — T; (n) (x + te')| < Le(n) w; (n) Vi e N.
{(x,t)EBX]R:x—&-teiEB}

Proof of the Step. Consider x € B and t € R such that = + te' € B. Define Yy =
x + te'. Since T is nonexpansive, it is Clarke’s differentiable. Since 7} is monotone
and translation invariant, we have that 97} (n) (z) C A, for all n € N. By Lebourg’s
Mean Value Theorem, we have that there exist A € (0,1) and p € 9T (n) (z,) where
2y = Az 4 (1 — \)y € I" such that

Ty (n) (z) =T (n) (y) =p- (x —y).
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It follows that ’TJ (n) (z) — TJ (n) (y)| =|p-(x—9)| = |pi(xi—y)| < pilzi —ui| <
Ip;. Since p € 9T} (n) (z)) and T is a consensus operator, we have that

§3<T(n),f”) ,

T; te) — T
oy < limsup B+ =T ()

Z—T )\ t
tl0

()

proving that
1T, (n) (@) = Ty (n) (& + )| = |T; () (2) = T (m) (9)] <
< /s <T(n) ,f”) < lc(n)w; (n).
Since 7, n, and j were arbitrarily chosen, the statement follows. 0

By McDiarmid’s inequality as well as Steps 1 and 2, it follows that for each ¢ > 0

P({weQ: [Ty (n) (X1 (@) o Xo (@) — ] = £})
=P ({weQ:|Tj(n) (X1 (@) X (@) — B (T (n) (X1, .., X,)))| > €})

0.2 2e?
< 2exp <— Z;LZI (Ec (TL) w: (n))2> = 2exp <_€2C (n)Q Z?:l wW; (n)Q)

2
<2exp | — 5 2 —
02¢(n)” maxgen wy (n) > i w; (n)
( 2¢?
=2exp | — 5
¢ (n)” maxgey wy (n)

proving the statement. ]

>—>Oasn—>oo,

Proof of Remark 2. Let j € N. Given Step 1 in the proof of Proposition 21, we
have that E (T} (n) (X1, ..., X,,)) = p. Recall also McDiarmid’s inequality

P ({w € QT (n) (X1 (W), ... Xy (w)) — ,u|2 > 5})
=P ({weQ:|Tj(n) (X1 (W), ... X, (w)) — p| >e})

2
:2exp< < ) Ve > 0.

2¢2 maxXgey Wy (1)

Observe that
Var (Tj (n) (Xq, ..., Xn))

_ /Ooop ({w eQ: (T (n) (Xy, ., X)) — ) > 6}) de
- [Cp(feeo mm Xy i 2} a
= /og 2exp <_€202 maxiiN W, (n)) = /oe Zexp (_EQCQ maj’f:N Wk (n)> *

2
=20exp | — ,
c? maxge N Wy (1)
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proving (54). [

Proof of Proposition 22. Fix i € N, n € N, and © € R". For each h € N define
gn - R" — R by

Vz e R™

gn (z) = limsup Ty (n) (y +tz) = T (n) (y)

y—x t
t|0

By [25, Proposition A.3] and since T}, (n) is Lipschitz continuous, monotone, and trans-

lation invariant for all h € N, we have that g, is well defined and the set
I, (n) () ={weR" :w-2z < g, (2) Vz e R"},

called Clarke’s differential, is a nonempty convex and compact subset of A,,. Finally,
we have that

z)= max w-2z Vz e R". 91
gh( ) wedTh (n)(x) ( )

Define also g : R* — R by

Vz e R™.

5(2) = i Ti(n) (v + ) - Ty (n) ()

Moreover, we have that
OTy (n) (z) ={weR":w-2< g (2) Vz e R"},

is also a nonempty convex and compact subset of A,,. Finally, we have that

g(2)= max w-z  VzeR"
wedTy (n)(x)

By Theorem 2, we have that T' (n)oT (n) = T (n). It follows that T} (n)oT (n) = Ty (n).
We thus have that
0T (n) () = 0Tx (n) (T (n) (x)). (92)

Define II}_,0T}, (n) (x) the collection of all n x n square matrices whose h-th entry
is an element of 07}, (n)(x). From the previous part of the proof, we have that
I17_, 0Ty (n) () € W. Define

0Ty (n) (T (n) (x)) IT;_,0T), (n) (x)

= {w € R": Ja € T (n) (x),3IW € I}_,0T} (n) (z) st. "W =" }.
In words, @ € 9Ty (n) (T (n) (z)) 2_,0T}, (n) (x) only if it is stochastic vector which
is a convex linear combination of the rows of some matrix W € II}_,0T}, (n) (z). Mo-

mentarily, this set will play a fundamental role. By assumption, we have that for each
x € f”, for each 7 € N, and for each h € N

gn (¢') < c(n)w; (n) and ¢ (n)QI]?eal,\)[(wk (n) — 0 as n — oo. (93)

100



Fix n € N. Fix also z € I" as well as i € N and h € N. By (93) and (91), we have
that
w; < gy (') < e(n)w;(n).

Since ¢ was arbitrarily chosen in IV, we have that the h-th row of a matrix in II}_, 07}, (n) (x)
is < ¢(n)w(n). Since h was arbitrarily chosen in N, we have that for each W €
1, 0T} (n) (x)

W5 < c(n)w; (n) Vi, j € N.
It follows that for each @ € 9T} (n) (T (n) (z))7_,0T, (n) () is such that w; <
c¢(n)w; (n) for all i € N. By the chain rule for Clarke’s differentials (see, e.g., [14,
Theorem 2.6.6]), we have that for each i € N

T te!) — T , .
fmsup OO T W) oo g
ytﬂ)m t DedTy (n)(z)

< c(n)w; (n).

Since x was arbitrarily chosen in I ", we have that

71 (n) (y + te') — Ty (n) (y) <c(n)w;(n) Vi€ N.

s (T (n) ,f”) = sup | limsup

) meﬁ’ ytz)x t
Since ¢ (n)” maxyey wy, (n) — 0 as n — oo, we have that (55) holds. |

Proof of Proposition 23. Let 02 > 0 be the lower bound to the error terms imposed
in Golub and Jackson [27]. By Markov’s inequality applied to the random variable
—|X; (n) — pl|* + ¢, we have P <—|X,~ (n) — uf>+ 02> —%2 + €2> < :Zé—*f; that is
2 o242
P(Z > X)) =) € 2 =K < 1.
2 —2 42

Therefore, at least one between

P(Xi(”>>%+u) > 1_KandP<Xi(n)<—%+M> >1—2K

holds. Therefore, for at least one of the two inequalities, as n goes to infinity, the
number of i € {1,...,n} for which that inequality holds is going to infinity as well.
Therefore, we can without loss of generality restrict to the subsequence of n in which
this happens for the first inequality. The case for the other subsequence follows by a
completely similar argument.

For every n € N, let



Therefore, if z = x — ce with z € Bandce€ f,

(o (n) (2) - Z Wi (n) 232- < 0.
i=1
The resulting opinion aggregator is given by
T(n)(m)*g max x; + 1—é W(n)x
! Al i={1,m} 14 ’

that is robust being the convex combination of two robust opinion aggregators. Next,

notice that for every n,t € N and x € B, we have

T () > % max i+ <1 - %) (W (n)) .

We prove the result by induction on t. The claim is obvious for t = 1. Suppose it holds
for t. Then, for all j € I,

Tt (z) = - max T (z)+ (1 - é) W; (n) T" ()

0
0i={1,.n} " 12

v

-----
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Taking the limit for ¢, and letting {s ()}, .y denotes the influence weights in Golub

and Jackson, we get

Notice that, by the initial part of the proof, we know that
lim P ( > 2 4 ) 1
1m max x; =2 ——= — 4
n—00 i={1,...,n} \/§ a
and since {W (n)},,oy is wise, for all v > 0
lim P(s(n)xz>pu—-) — 1.

n—oo

The last three inequalities together imply that
lim P (T (1) > 224 ) 1
im () > ——=- — 1,
proving the result. |
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E Online Appendix

Many of the proofs would be extremely facilitated if / were to be equal to R (cf. the
proof of Lemma 1 and Remark 7). In our case though, [ is only assumed to be a closed
interval with nonempty interior. Yet, we can always extend T' from B to the entire
space R". Next lemma proves this. Moreover, despite the fact that 7" might have many
extensions, it also shows that all the extensions generate the sequence of updates and

therefore the same limiting behavior.

E.1 Extension of robust opinion aggregators

Many of the proofs would be extremely facilitated if I were to be equal to R (cf. the
proof of Lemma 1 and Remark 7). In our case though, [ is only assumed to be a closed
interval with nonempty interior. Yet, we can always extend T' from B to the entire

space R™. Next lemma proves this.
Lemma 9 Let T' be an opinion aggregator. The following statements are true:

1. If T 1s robust, then it admits an extension S : R™ — R™ which is also robust.

2. If T is robust and constant affine, then it admits a unique extension S : R™ — R"

which is robust and constant affine.

3. If T is normalized and monotone, then | T* (z)|| < ||z|, for all € B and for
allt € N.

4. If © € B, then there exists I C I which is a compact subinterval of I with

nonempty interior and x € I" = B. Moreover, if T is robust, the restriction T =
TlB is a robust opinion aggregator and T" (x) = T' (x) as well as T (x) = T (x)
for allt € N and for all z € B.

Proof. 1. Since T is robust, we have that T; : B — R is monotone and translation
invariant for all ¢ € N. By [11, Theorem 4], T; is a niveloid for all i € N. By [11,
Theorem 1], T; admits an extension S; : R” — R which is a niveloid for all i € N. By
[11, Theorem 4], S; is normalized and monotone for all i € N. Define S : R — R" by
S (z), = S;(x) for all i € N. It is immediate to see that S is monotone and translation
invariant. Fix k' € I. Since S is translation invariant and 7' is normalized, it follows
that for all k£ € R

S(ke) =S (Ke+ (k—k)e)=S(ke)+ (k—K)e
=T Ke)+(k—K)e=FKe+ (k—K)e= ke,
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proving that S is normalized and, in particular, S is robust.

2. We only prove the uniqueness of the extension. The existence of an extension
S : R™ — R" which is constant affine follows from routine arguments.*> Let R : R" —
R” be a robust and constant affine opinion aggregator such that R (z) = T (z) for all
x € B. Let r € int I. It follows that re € int B. Consider z € R™ and o € (0,1) such
that ax + (1 — a) re € B. We have that

aR(z)+(1—a)re=R(az+ (1 —a)re) =T (ax + (1 — a)re)
=S(ar+ (1 —a)re) =aS(x)+ (1 —a)re,

proving that R (z) = S (z). Since x was arbitrarily chosen, it follows that S = R.

3. By induction, if 7' is normalized and monotone, then 7" is normalized and
monotone. Consider x € B and t € N. Define k, = min;cy x; and k* = max;cy ;.
Note that |z||, = max{|k|,|k*|}, k. k* € I, and ke < x < k*e. Since T" is

normalized and monotone, we have that
kie =T" (ko) <T'(2) <T"(k*e) = k¥e,

yielding that |77 (z)| < max {|k.|e,|k*| e} and |17 (z)]|, < ||z|| .- Since ¢t and x were
arbitrarily chosen, the statement follows.

4. Let x € B. Define k, = min;cy z; and k* = max;cy x;. We have two cases:

a. k, < k*. Clearly, we have that k,, k* € I. Note that I = [k,, k*] C I is compact
and with nonempty interior. Moreover, z € I" = B.

b. k., = k*. Since I has nonempty interior, there exists ¢ > 0 such that either
I = [ky,kx +€] C 1 or I = ke —e,k,] C I. In all these cases, I is compact and with
nonempty interior. Moreover, x € I" = B.

Consider the restriction 7" = T’ ;- Note that T (B) C B, yielding that T is a

robust opinion aggregator. By induction, we have that 7" (z) = T* () for all t € N
and for all # € B. It follows that for each z € B

R 7 = .
a;):hp;;T( _hngZT )=T(z) VzeB,
proving the point. |

Remark 7 Note that the proof that 7" is nonexpansive becomes immediately simpler
when I = R. It is indeed a consequence of the standard Blackwell’s technique used in

dynamic programming. We report it here for ease of reference. Indeed, in this case, we

45The proof is available upon request.
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have that T': R — R”. Since T is normalized, monotone, and translation invariant,

we have that

r—y<llz—yloe = v<y+lr—yloe
= T(@) <T@+ llz-ylee) =Ty +z-ylloe
— T(x) =T () <llz—yllwe Vr,yeB
Given the symmetric role of = and y, this implies that |T"(z) — T (y)| < |lz —y|l e
and [T (z) = T (y)llo < |2 = ylls- A

E.2 Decomposition of robust aggregators

Lemma 10 Let T be a normalized and monotone (resp., robust) opinion aggregator.
If there exist € € (0,1) and W € W such that for each x,y € B

vzy = T(x)=T(y) zec(Wa—-Wy), (94)

then S : B — R", defined by

T (z)— Wz

5(z) = 1—¢

Vr € B, (95)
is a normalized and monotone (resp., robust) opinion aggregator and

T(z)=eWz+(1-¢)S(x) Vr € B. (96)
Proof. Define S: B — R™ as in (95). Observe that:

a. Foreach k € I

S (ke) = (T (ke) —eW (ke)) = (ke — eke) = ke.

1
(1—¢) (1—¢)
b. Since € € (0, 1), note that for each x,y € B
T(x)-T(y) zeWa—=Wy) <= T(x)-eWaz 2T (y)-cWy <= S(z) = 5(y).
Since 7" satisfies (94), we have that for each z,y € B

r>y = T(x)-T(y)>c(Wa-Wy) = S(z)>5().

c. For each = € B there exists k,, k* € I such that k,e < x < k*e. Since k,, k* € I,
k.e, k*e € B and by points a and b we have that

ke =S (ke) < S(x) < S (k*e) = ke,
proving that S (x) € B.
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d. Assume T is also robust and, in particular, translation invariant. We have that
for each x € B and for each k£ € R such that x + ke € B

S (x+ ke) = (T (z + ke) — eW (z + ke))

- (T (2) + ke — & (W + W (ke)))

= (T (z) —eWzx)+ (1 —€) ke)

- (T (z) — eWa) + ke = S (x) + ke.

Points a—c (resp., points a—d) prove that S is a selfmap on B which is normalized
and monotone (resp., normalized, monotone, and translation invariant, that is, robust).

Equation (96) trivially follows. |

E.3 Other proofs

Proof of Theorem 11. (i) implies (ii). Let ¢ > 0. There exists 7 € N such that (68)
holds. Define £ = ¢/7. By assumption, there exists ¢ € N such that ||zt —2f|| < &
for all ¢ > ¢. Choose 7 > max {t,7} +1 > 2. In (68), set m = 7 — 1. We obtain that

1 T 1 T 1 T
Hi" . xTHOO <z — ; Zx(rfl)ﬁf + ; Zx(ffl)ﬁt 7T < e+ ; Z (x(‘l'*l)+t _ £L‘T>
=1 =1 - =1
(97)
Note that for each t € {2,...,7} we have that
T—2+4%
t,L,(Tfl)th T = Z (xi+1 . ZL‘Z) and ZL,(T*I)Jrl — " =0.

Since ||zt — 2t|| _ < & for all t >t and & = ¢/7, this implies that
o0

1 1 <& ~ 1 . -
S Il PP STCee] IERD SIS E N
7—t:l oo Tt:2 !
1 7 T—2-+t i T T2+t i i
3 haxt <1 s
t=2 1=T t=2 1=t
724t 7 =771

(VAN
N
M)

I

—~ | o
—
~
|
—_
N—
I

\]I(‘f)
~

By (97), this implies that ||z — 27||, < 2¢. Since 7 was chosen arbitrarily, we have
that ||z — 27|, < 2¢ for all 7 > max {¢,7} + 1, proving that lim, 2™ = Z.
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(ii) implies (i). If lim, 2™ = Z, then clearly we have that lim, ||z — 27|| = 0.
Let € > 0 and m € N. At the same time, there exists 7 € N such that |27 — Z|| < §
for all 7 > 7. Define M = Y1 _, ||l#* — #||, < oo. Let 7 > 7 be such that IM < £

Consider 7 > 7+ 7+ 1. We have two cases:

1. m > 7. Since m +t > 7 for all t € N, it follows that ||z — Z||

conclude that
1 T
-

t=1

2. m < 7. Since T > T, observe that

€
o < 5- We can

T

3 @)

t=1

1< _ £
< ;Z meH —mHoo < 3 < e.
0o t=1

o0

~ T—m ~
limm”—:ﬁ _||T=m 1 xm+t+7'—(7'—m) 1 i Lt
T T T—m T T — (7: - m) -
t=1 00 t=1 t=F—m+1
T—m . P
ctoml LS )
T T—m
t=1 0
— (7 — 1 T
# > -
T T—(F-m) t=F—m-+1 o

First, since 7 > T, we have that

7

1 —, . B
%_mZ(a:H—x)

t=1

~

T —1m
T

1 T—m 1 T—m
<= D et =gl < 2 ) [l -7
T oo 7 oo
t=1 t=1

1< . 1 £
t=1

[e.e]

Second, since m 4+t > 7 for all t > 7 — m + 1, we have that

1 oy
= " G-m > =l

T

1 .
T, 2,

t=7T—m+1

o0

We can conclude that

1 < . e 17—(T—m)e
Ly om gl <ZeT=ome
s

o

Cases 1 and 2 prove the implication. [ |

Proposition 26 The set Byy; = {x € int B : x; # x; whenever i # j} is dense in int B
and B.
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minmi,mj:mi;ﬁx]- |I‘L_wj‘

Proof. Consider z € int B. Define § = 5

x are equal set 6 = 0. We have two cases.

> ( if all the components of

1. § = 0. Let y € R" be such that y; = i/n for all i € N. Define also z' = x + %y
for all t € N. Since x € int B, there exists ¢ € N such that z' € int B for all ¢t > ¢.
Since ¢ = 0, we have that x; = x; for all i, j € N. It follows that ' € By, for all

t > t. Since lim; 2! = x, the statement follows.

2. 0 > 0. Let y € R" be such that y; = di/n for all i € N. Since x € int B, there
exists t € N such that z' € int B for all t > t. By contradiction, assume that
there exist ¢t > ¢ and i, j € N such that ¢ # j and

1 L 1 1
SEZ—F;yl:l'Z:iL‘]:iCJ—F;yj — l'i_xj:;(yj_yi)-

We have two cases:
a. x; = ;. This implies that y; = y;, a contradiction.

b. z; # x;. This implies that

’j—l| <5’
n

1
§ < |z; — x4 :glyj_yi| <lyj—wi <9
a contradiction.

It follows that ' € By, for all ¢ > t. Since lim; 2* = z, the statement follows. W

E.4 Comparison with Molavi, Tahbaz-Salehi, and Jadbabaie

Here we how the convergence and wisdom properties of the log-linear learning rule
axiomatized in [47] can be analyzed by means of a linear system. In particular, [47]
considered the case of agents having a belief © € A (©) where © is a finite set of
possible states of the world. Given this, there is a bijection between beliefs and the

profile of likelihood ratios (a: (0, é)) (0)coxo’ with
0)eox

. (H,é) _ n(0)

n()

Their assumption of ITA allows to study the evolution of x <9, é) independently from

the value of the other likelihood ratios. Therefore, fix <9, é) and let




denote the likelihood ratio obtained from the belief of agent 7 at time ¢. If we identify
x} as the probability assigned to 6 by agent i at period ¢ then equation (3) in [47] reads

as
log xt! = g aiji log xt.

JEN;

ittt =5, (2f) :=exp (Z aijilog xi) )

JEN;

That is

In general, S; is not robust, since it does not satisfy translation invariance. However,
by defining
T, (y) :=log S, (expy) = Y _ aizy}
JEN;
and letting
' =In2’and y' =T (yt_l)

we obtain by induction that

t
Y= lnH ST (lnxo) .
T=1

Since T; is a linear aggregator, one can rely to the well known results for the DeGroot
model if the weights a;;; are time independent, or the extensions for time varying
matrices developed by [57] and [39] to study lim, y*. Then, continuity of the logarithm

. H t
guarantees that lim, x! = exp!™¥',

E.5 Aggregation of Distributions

In this section, we explain how our approach can be easily adapted to the aggregation
of opinions that cannot be summarized by a unique real number. In particular, we are
interested in the class of distributions (CDF’s) over a compact set (we will consider

[0, 1] for simplicity). Therefore, we are going to consider:

(< 2) = (F(u) < F(2))
lim, oo F (2) = 0
lim, 00 F(2) =1

lim,|,, F'(2) = F (20)

D={Fel01":

In this more general framework, an opinion is a map F € DV, where, as in the previous
sections, N is the set of agents. It follows that a (single agent) distribution aggregator
is a map

A~

T, : DN — D.
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It turns out that, with a slightly stronger continuity condition, robust opinion aggrega-
tors are selfmaps on that space, too. Recall that in our standard framework a functional
T; : [0,1] — R is a (single agent) robust aggregator if it is normalized, monotone, and
translation invariant. Given a robust aggregator 7" we can derive a (candidate) dis-
tribution aggregator by taking the section at z € [0, 1] of the vector of distributions
F (2) € [0,1]" and aggregating them with 7'. In particular, given an opinion aggregator
T we define the functional

T:DN — ([O, 1]Rk)N

T, (F) () = T; (F (2)), VzeRF

Proposition 27 Let T': B — R be a robust opinion aggregator, then T is a distribu-
tion aggregator, that is ﬁ (DN ) CD.

Proof of Proposition 27. Let F € DV, and i € N. We need to show that 7} (F) € D,
that is ﬁ (F) satisfies all the four properties in D. Let u, 2z € R with u < z, it follows
that F (u) < F (z) and therefore by monotonicity of 7" we have

T,(F) (u) = T, (F (u)) < T, (F ()) = T (F) (2).

Now let {z,} be such that z, | 2, it follows that {F (z,)} is a sequence of vectors in
[0,1]" such that F (z,) | F(z0). Since T is robust, it is continuous, and therefore we
have that

lim T; (F) (2,) = lim T} (F (2,)) = T} (F (20)) = T; (F) () -

n—oo n—oo

Moreover, given that for all n € N, T} (F) () < T (F) (z,) we have T} (F) (z,) |
T; (F) (20). Now consider {z,} such that z, | —oo. It follows that F (z,) | 0. Since T

is robust, it is continuous, and therefore

lim T, (F) (2,) = lim T} (F (2,,)) = T} (lim F (zn)> = T;(0) = 0.

n—oo n—oo n—~oo

Finally, let {z,} be such that z, T co. It follows that F (z,) T e and therefore, by the

continuity of T', we have

lim T, (F) (2,) = lim T} (F (2,)) = T} (lim F (zn)) =T (e) = 1.

n—oo n—oo n—oo
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