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Abstract

We study the problem of learning when the decision maker (DM) is uncertain about
the impact of current decisions on future data. In an environment where optimal experi-
mentation is monotonically related to beliefs and the DM finds it optimal to experiment
when past experimentation has been sufficiently low for given beliefs, experimentation
takes place if past experimentation is below a history-dependent threshold. Since data
are dependent and heterogeneously distributed random variables with sample moments
that do not necessarily concentrate around their time-varying population counterparts,
the usual techniques for establishing asymptotic learning based on laws of large numbers
cannot be used. We overcome this difficulty by establishing a novel a.s. positive asymp-
totic lower bound for the sample mean of the data. We can thus establish that complete
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1 Introduction

FEconomic agents often face sequential decision problems. For example, a firm may face
innovation opportunities due to consecutive technology improvements, a research team often
faces sequential opportunities to pursue new projects on related research themes, medical
research breakthroughs create opportunities over time for the development of (or improvement
of existing) cures and treatments of related medical conditions, an individual may face “urges”
over time to consume fatty foods. However, when making their decisions, economic agents
may have imperfect information about the impact of their actions on future information and,

thereby, on future trade-offs and decisions. Some examples are:

e When contemplating whether to adopt a new technology or not, a firm may not know
the impact a current innovation will have on the arrival of profitable opportunities to

innovate in the future.

e When deciding whether to pursue or not a novel idea/project, a researcher may have
imperfect information about the impact of pursuing the novel research on the arrival of

future ideas/projects with high potential.

e Following a medical breakthrough, the development of a medical cure/treatment often
takes place under uncertainty about how such a development can influence the emer-

gence of future profitable breakthroughs.

e Faced with a technological opportunity to improve its products, a firm may have im-
perfect information how developing these improvements will influence the emergence of

future profitable opportunities for product development.

e When contemplating to consume or not a certain good such as alcohol and fatty foods,
a consumer may not know whether such consumption can make future urges to consume

more likely.

Motivated by these important economic problems, we study optimal learning when (a)
data that may carry pertinent information arrives over time regardless of past decisions, and
(b) there is uncertainty about how current choices influence the process that generates future
data/information. With reference to the above settings, examples of such data are: the arrival
of innovation opportunities, the emergence of research ideas/projects, the arrival of medical
or technological breakthroughs, and the occurrence of urges to consume.

The learning problem in hand is not standard because the data our decision maker (DM)
faces sequentially are dependent and heterogeneously distributed random variables, and hence
their mean does not necessarily concentrate around a number (as the population means are
time-varying). As a result, we cannot appeal to a law of large numbers, and so the usual
techniques for establishing asymptotic learning cannot be used. We overcome this difficulty

by establishing a novel a.s. positive asymptotic lower bound for the data sample mean, which



enables us to show that our Bayesian agent learns the truth asymptotically, with the posterior
probability converging a.s. at an exponential rate.

Our asymptotic bound approach is more generally applicable to problems that study the
asymptotics of a sample mean of a function of a nonstationary process when the function
is either convex in R and strictly increasing in R; or concave in R and strictly decreasing
in Ry. Many Bayesian problems, including our Bayesian learning problem, involve ratios
of conditional probabilities/likelihoods and posterior distributions whose asymptotic analysis
naturally reduces to the above framework.

In the next section we discuss related literature. In Section 3 we develop the model, and
in Section 4 we discuss optimal experimentation. Section 5 is devoted to learning, and Section

6 concludes.

2 Related Literature

The work in this paper is related to the statistical literature on sequential analysis (De
Groot (1970)) and “learning-by-experimentation". For some of the early contributions in the
economics literature on learning-by-experimentation see Aghion et. al. (1991), Easley et. al.
(1988), Khilstrom et. al. (1984). An important general lesson from this literature is that
while a rational decision-maker does not leave profitable learning opportunities unexploited
in the limit, the cost of experimentation may force the decision-maker to stop experimenting
and, hence, not learn the truth even in infinite horizon models. The stochastic process
that generates the data in our model differs from the process assumed in that literature
because, in our paper, the information that the signals carry depend on the extent of past
experimentation.

The learning-by-experimentation literature is naturally closely related to the multi-arm
bandit (MAB) problem (Robbins (1952); see also Gittins (1989), Berry and Fristedt (1985),
Mahajan and Teneketzis (2007)). The main focus of this literature is studying how a rational
Bayesian decision-maker (DM) balances the trade-off between exploration and exploitation.
The primary interest of the multi-arm bandit literature is on characterizing the optimal
decision rule.

The process that generates the observed data and beliefs in this paper makes our setting a
“restless” (RB) bandit environment, where the “state of an arm” (beliefs in our case) changes
even if the arm is not processed.! In such problems, it is known that optimal policies are
in general not indexable (see Whittle (1998), Nino-Mora (2000), references therein, and the
excellent survey of Mahajan and Teneketzis (2007)). The RB (as most of the MAB) literature
has mainly considered models with finite state space possibly because RB problems are known

to become very complicated otherwise. In contrast, the learning model when viewed as an

'Brezzi and Lai (2000) analyse a general MAB-type learning-by-experimentation model, where the process
that generates the data is independent of the extent of past experimentation and beliefs that relate to an arm
do not change if the arm is not processed. In that work, the optimal strategy is given by the Gittins index
and the discounting of future rewards is shown to lead to incomplete learning.



exploration-vs-exploitation model would involve an infinite state space since the posterior
beliefs would be a state variable. Fryer and Harms (2018) study an RB problem where, as in
our setup, the information that the signals carry depend on past levels of experimentation.
Nevertheless, in contrast to our model, an informative signal is not produced when their agent
does not experiment. This enables them to show that in their setup a stopping strategy is
optimal, as in the regular bandit problems, and that the optimal strategy is indexable and
similar to the Gittins index.? Safronov (2017) also studies experimentation in an RB multi-
arm bandit framework. There, the DM not only receives information about uncertain payoffs
by using an arm, but also becomes experienced by using it. Experience provides an additional
payoff to the agent. In that paper as well, the optimal policy turns out to be indexable.
Crucially, the arrival of signals about uncertain payoffs is modelled as an independent process
from the arrival of experience. In our model, instead, the arrival of signals does depend on
the extent of past experimentation.

In the economics literature, Rothschild (1974) is the first to use the framework of the
bandit problem to study a monopolist who tries to maximize profit in a dynamic setup when
faced with a market with unknown demand. Subsequently, there have been many other
important applications of the multi-arm bandit model - for example on search and matching,
choice of research projects, R&D investments to name a few. See Bergmann and Valimaki
(2006) for a survey of applications of the bandit problem in the economics literature. In
all this work, the focus is on single-agent problems, but, in contrast to our case, a signal is
generated only if experimentation has taken place in the immediate past, and the information
the signal carries does not depend on the extent of past expeerimentation.

Much of the interest of the more recent learning models in the economics literature has
gravitated towards models with multiple agents - models of “strategic experimentation”. In
that literature, the main focus is on the issue of agents/players learning from each other and
the interesting informational externalities that these create. See Bolton and Harris (1999) for
an early contribution. See also Keller et al (2005), Keller and Rady (2010) Klein and Rady
(2011), Rosenberg, Solan Veille (2007)).> Horner and Skrzypacz (2017) is a superb survey of
the literature on strategic experimentation. This literature has considered several interesting
bandit environments (Poisson and exponential bandits for example, and both discrete and
continuous time models). As in our paper, the focus has mainly been on a bandit setup with a
binary action per time instance, and one safe and a single risky arm of two types.* While the

framework studied in this literature is not explicitly that of a restless bandit, in these models,

?Urgun (2019) also show that the optimal strategy is indexable in an RB-type economic problem with
finite state space where, however, learning is not a concern.

SThere is also the related literature on social learning and informational cascades (Banerjee (1992),
Bikhchandani etal (1992), Chamley (2004) and the references cited therein; see also Smith and Sorensen
(2011)), Acemoglou et. al. (2011), Hann-Caruthers et. al. (2018) and references therein. The main interest of
this literature is on what agents learn from each other’s actions, when agents possess a privates signal about
(typically) a binary state of nature, whereas we focus on the single-agent scenario and what the agent learns
over time from her own signal.

4For a model where new arms can endogenously be generated during experimentation, see Fershtman and
Pavan (2019).



the projects of the different agents are highly correlated (often, these are in fact common
value models) so that even when an agent is not experimenting but is using the safe arm,
the agent can learn about the value of their risky arm as long as there is some other agent
experimenting. In other words, there is a flavour of our restless bandit framework in these
models. These models, however, do not involve an environment like the one we study, where
the signals may be generated by a history-dependent and non-stationary stochastic process.
It would be interesting to extend the work in this paper to the setting of multiple agents and
study the implications on social learning with the current Markovian underlying stochastic
process.

The closest work to our paper is Bose and Makris (2018), which studies a restless bandit
problem with a risky and a safe arm, where the informative signal can emerge with a positive
probability in any period. The probability in question, depending on the state of nature,
can be either constant or an increasing function of the stock of past experimentation, which
is a special case of our current stochastic process framework. The main focus of interest in
that paper is on studying the properties of the optimal experimentation rule. In fact, the
section “Asymptotic Learning” in that paper shows only, by means of two simple build-for-
purpose examples, the possibility of both complete and incomplete learning (depending on the
example). The example where incomplete learning is the outcome asymptotically does not fit
the framework here, while the example where complete learning takes place asymptotically is
a special case of the current framework and such that the techniques developed here are not

used.

3 Model

To fix ideas we describe the model in terms of a decision maker (DM) who contemplates
whether to adopt a new technology or not. Appropriate changes in the narrative would
make the following framework applicable to the other decision problems discussed in the
Introduction.

Opportunities to innovate emerge sequentially regardless of the innovation history. A
technology that becomes available and is not adopted is assumed for simplicity to no longer
be available in the future.® A “period” t € {1,2,...} refers to the number of instances an
opportunity to innovate has arisen up to (and including) the current instance.

Let d; = 0 denote the action “adopt/innovate” in period ¢t and d; = 1 denote the action
“do not adopt/innovate” in period ¢. The flow payoff from not adopting the new technology
is normalized to zero. The reward/profit from innovating in period ¢ is an independent draw
from a time-invariant distribution over R which depends on the type z; € {0,1} of the new
technology and a statistic h; which is related to the innovation up to and including period ¢. If

the new technology is “profitable” (denoted by x; = 0) then the mean reward from innovating

®One can think of technologies that are not adopted to depreciate at an infinite rate or that the entre-
preneurs responsible for the development of these technologies to go bankrupt or exit the market to avoid
excessive losses.



in period t is equal to b(h;) > 0, whereas if the the new technology is “loss-making” (denoted
by x; = 1) the mean reward from innovating in period ¢ is equal to b(h:) — c¢(h:) < 0, where
b(.) and ¢(.) are continuously differentiable functions.

We postulate that

ht+1 = g(ht,dt), t> 1 (31)
for some pre-determined h; € R a.s., where g is a differentiable function satisfying the fol-
lowing:

0 0g(z,1) . 09(2,0)
= 1 f——2> f——~ 2
g(0,0)=0, ¢(0,1) >0, ;1210 5, 2 0, ;1210 P >0 (3.2)

Note that (3.2) implies that g (-, 1) is increasing in Ry and that ¢ (-,0) is strictly increasing
in R;. We emphasize here that, conditional on its Markovian structure, the law-of-motion

(3.1) is quite general as it allows for non-linearities in ¢(-,y). We also assume that

sup dg (2,1)

1, 3.3
s < (3.3)

which is a stability condition implying that there is H > 0 such that
H=g(H,1).
The probability the period-t innovation is profitable is given by
P(xy = 1|he,0) = p+ 0hyy, t>1 (3.4)
where p € (0,1) and 0 € {0,0} with § > 6 > 0 such that
Ohi+p>0, OH=p<1, (3.5)

which ensure that either profitability type is possible.

The law-of-motion (3.1) for the statistic of past innovation, as well as the stochastic process
P(x¢|ht, 0) are known by our agent. Crucially, our DM observes the profitability type of the
current innovation opportunity before deciding whether to adopt it or not.

Observe, however, that knowing the profitability of the period-¢ innovation, x;. does not
reveal the profitability of the innovations that will become available in the future. In fact,
the profitability type of an innovation is a (Bernoulli) random variable whose distribution
depends on the extend of past innovations and the variable 8, which captures the impact of
past decisions on the distribution of the reward from innovating. Notice that the case of “low
impact”, 8 = 60, is allowed to represent an environment where past decisions have no impact
on current profits from innovation, i.e. § = 0.

The agent does not know the true state of nature § and would like to discover it. Denote

5In Bose and Makris (1998) it is assumed that § = Oandf = 1.



with 1o the agent’s “prior” belief that § = 0 (i.e. the belief before the realisation of the first
sample/signal). Assume that 0 < pg < 1.

The profitability of the new technology in period ¢ (i.e. ;) can serve, in effect, as a
signal about 6. We assume that our agent is Bayesian, and so she uses the observed history
a2t = (21, ..., x¢) for inference purposes. Denote with &, the (posterior) belief of the agent that
0 = 0, given that z; = 1 and the statistic of past innovations h;. This is given by Bayes rule

as: _
te_1[p + Ohy]

pe 1[0+ Ohe] + (1= ;1) [p + Ohe]

m(1, p_q, he) = (3.6)

where g, ; is the belief of the agent at the end of period ¢t — 1 that § = 6 (i.e. the period-{t}
“prior”). Similarly, denote with &, the (posterior) belief of the agent that § = @, given that

¢ = 0 and the statistic of past innovations h;. This is given by Bayes rule as:

pe_1[1 —p — Ohy]

m(0, py_q1, he) = = : (3.7)
! pi—a[1=p = O] + (1= py_y)[1 = p — Ohi]
Observe thus that
oy = Mm@, g1, he) = 2em(1, gy g, he) + (1 — 2)m(0, g1, hy) (3.8)

Note that g, is a random variable, which depends on the realisation of z!. Given these beliefs
the subjective probability at the end of period ¢ that the period-{¢ + 1} new technology is
profitable is equal to

Tir1 = T(py, beg1) = p + [0 + 1, A0 Ry (3.9)

where A0 =0 — 6.

Before we state the agent’s decision problem, it is worth clarifying the main differences
between our setting and the literature we mentioned in Section 2 on (one-player or strategic)
learning-by-experimentation with bandits that are not restless. In terms of our narrative,
in the received literature, all innovation opportunities have the same profitability which is
drawn from a given distribution before the first opportunity arrives, and agents have imperfect
information on the profitability of new technologies. Here, instead, the profitability of new
technologies may change over time as it is drawn anew each period, and our agent observes
the realised profitability before making her decision. Furthermore, in the existing literature,
the distribution of the reward from experimenting depends on the constant and unknown
profitability and/or on the signal that is generated as a result of the said experimentation,
while in our model it depends on the signal that has been generated as a result of past
experimentation.”. Finally, the distribution of the signal (that depends on the unknown
state-of-the-world and is generated as a result of the current action) is independent of past

experimentation, in contrast to the distribution of the signal in our model.®

"In our model, the distribution of the reward from experimentation is also allowed to depend on the extent
of past experimentation
%in Aghion et al. (1991), the unknown state-of-the-world affects directly both the reward from experi-



We can now state the decision problem of our agent. The DM chooses at each period
t whether to adopt or not the available technology in order to maximize her intertemporal
payoff:

oo
B 67 L = di{b(he) — ee(he)}
t=1
where § € (0,1) is the discount rate, subject to (3.1) and (3.6)-(3.9).

We note that the only connection betweens periods occurs through the “stock” of exper-
imentation as described by the statistic h, and the (posterior) beliefs p. The current action
affects directly the current mean reward and indirectly the value of the problem at the end of
the current period through its effect on the evolution of the stock of experimentation and next
period’s beliefs. Notice also that the mean reward depends on the stock of experimentation
and the profitability of the current innovation opportunity. Therefore, the decision problem
can be formulated as a Markovian stochastic dynamic programming problem with the “state”
in each period ¢ given by (x¢, hy, 1i;).

Define

V(z, h,p) = max {[1 — d[b(hy) — zc(he)]+ (3.10)
de{0,1}

6| (11, g(h, )V (L g, d).m(L, 9 (hy ) +[1 = (12, g (h, d))]V (0, g (. d), m(0, . g )] |

Existence of the function V follows from standard results.” V(z, h, 1) is the value function of
the DM’s problem given the state (x, h, 1) at the beginning of a period.
In the next section, we characterise optimal experimentation. We restrict attention to

environments that satisfy the following assumptions:

Assumption A : b(h) and b(h) — c¢(h) are nonincreasing in h.

This assumption states that the mean reward from innovating is nondecreasing in the
extent of past innovation regardless of its profitability. It captures an environment with
learning-by-doing in innovation, i.e. where more past innovations make the agent better in

terms of taking advantage of and integrating in existing processes new technologies.

Assumption B :  7(m(0, u, k), g(h,0)) is increasing in h.

This assumption states that the belief of the DM that next-period’s innovation opportunity
is loss-making, given that the current innovation opportunity has been profitable and the DM
has chosen to adopt the new technology, in increasing in the stock of past experimentation.
It ensures that an increase in the stock of past experimentation increases the belief of the
DM that next-period’s innovation opportunity is loss-making regardless of the profitability of

the current new technology. This, in turn, guarantees that the DM always chooses d; = 0 (to

mentation and the process that generates the data, while here that reward is not affected directly from the
unknown state-of-the-world.
9Details are available by the authors upon request.



innovate) when the innovation opportunity is profitable. As we show in the Online Appendix

A, this assumption is satisfied, for example, if g(h, d) = q[yh+d], withy > 0,0 < ¢ < %
1-,/1-¢

(and hence ¢y < 1 and H = ﬁ < 1—p), such that H < (1 —p)—"5—"%. The latter is a

stronger condition than H < (1 — p) if € is close to zero, while it is a weaker condition than

H < (1 —p) if g is close to 6 and 6 < 1.

For the rest of the paper, we also make the tie-breaking assumption that an indifferent

agent will choose d; = 0. It can easily be checked that no qualitative result is affected if one

were to break such a tie in the other way.

4 Optimal Experimentation

Let
D(htaut> = V(07g(ht7 1)7m(ovutag(ht7 1))) - V(lvg(hta 1)7m(1a Mt?g(hta 1)))

That is, for any h; and p,, and conditionally on the agent having chosen not to innovate in
period ¢, the term D(hy, ;) measures the net gain — evaluated in ¢ 4 1 utils — from having
a profitable innovation opportunity in period ¢ + 1. Observe that for a myopic or infinitely
impatient agent we have that d; = x; for any beliefs and history (of innovations), and thereby
D(hy, py) = b(hy) > 0.

Let us define also:

F(htwuta 'T) = V(mvg(hta 0)7m(m7:utag(ht’ 0))) - V(xvg(hta 1)7m(x7:utvg(ht’ 1))

and
\Ij(hh :U’t) = W(Mt?.g(hh O))F(htv s 1) + [1 - 7r(:UJt7 g(htv 0))]F(htuutv 0)

I'(ht, py, ) represents the net gain - evaluated at ¢ + 1 - from adopting the new technology at
period t, conditionally on next period’s profitability-state being x. The interpretation of the
term W(hy, p1,) is more subtle. The profitability-state in period ¢+ 1 is not known in period ¢.
Innovating at period ¢ (as opposed to not innovating) has two effects: it changes the likelihood
of a loss-making innovation opportunity next period, and it changes the next-period’s value
function conditional on next period’s prrofittability-state. The latter is given by I'(h¢, py, x).
Measuring the expected gain from innovating at period ¢, while maintaining the likelihood that
the period—{¢+ 1} new technology is loss-making at the level that corresponds to innovation
taking place in period ¢, gives rise to W(hy, u;). To understand these better, observe that for
a myopic or infinitely impatient agent we have I'(h¢, py, 1) = T'(hy, g1y, 0) = W(hy, py) = 0.
Given these definitions, we can now discuss optimal decisions and proceed in proving our
first theorem. To this end, note (after a straightforward algebraic manipulation) that the net

benefit from innovating at period ¢ is:

N B, = 6{[8 + 1,26] [g(he, 1) — U, 0)] Dk, ) + W he, 1)} — [wre(he) — b(h)]  (4.1)



This net benefit is bounded and consists of two parts. The term inside the second square
brackets represents the “short-run cost” from innovation. This is negative if the new tech-
nology in hand is profitable, and positive if the the new technology in hand is loss-making.
The “long-run benefit” from innovation evaluated in period-{t¢ + 1} utils is captured by the
term inside the curly brackets. This long-run benefit is twofold. First, innovation reduces the
perceived frequency of difficult tasks in the future. This is captured by the first term inside
the curly brackets. Second, innovation will influence future beliefs and histories, and thereby
future decisions. This is captured by the second term inside the curly brackets. The agent
will innovate at period ¢ if and only if the long-run benefit from doing so is at least as high
as the short-run cost, i.e. NB; > 0.

The above decision rule is not very helpful in understanding optimal experimmentation,
unless one signs N B; for any given period and state. This is the main challenge in proving

(in Appendix A) the following result:

Theorem 1. Suppose that, conditional on x;, beliefs in period-t are p,. Under p, < 1 and
Assumptions A and B, we have, for any t > 1, that V(h,p,) > 0 and D(hy, ) > b(hy).

Moreover, dy = 1 is optimal if and only if z; =1 and

c(he) = b(he) > 6{[60 + 1 A0] [g(he, 1) — g(he, 0)] D(ha, i) + W (he, 1) } (4.2)

When p, =1, Assumption B is not needed for these results.

Proof. Define first the following properties:
A

(A) V(x¢41, hit1, pty41) is non-increasing in @441, hyy1 and gy g,
(B) V(0, hyt1,m(0, p1y, het1)) is non-increasing in hyiq.
(C) (07 ht+1, m(()’ Kot ht+1)) - V(L ht+1v m(la L, ht+1)) > b(ht+1)7
(D

) d(0, b1, m(0, pys hyr)) = 0,

Note that if properties (A) and (B) hold, then we clearly have that ¥(hs, p,) > 0 as
desired for the theorem. Property (C), in turn, implies D(h¢, 1) > b(g(he, 1)) as also desired.
Furthermore, property (D) is directly part of the theorem. Note, then, that the theorem
follows directly from these properties and the definition of the net benefit from innovation
(4.1). Therefore, proving Properties (A)-(D) are sufficient for the theorem to hold. We prove
these four properties in Appendix A. O

A corollary of the above theorem is that if § = 0, ¢(.) and b(.) are constant, and p, = 0,
then the DM chooses d; = x; regardless of history of innovations. The reason is that in this
case, actions do not affect future beliefs and rewards, and so I'(h¢, 1,2) = W(h,1) = 0 for
any history of experimentation h; and any profitability-type .

It may be instructive to discuss briefly here why we need Assumption B to prove the above
results when p; < 1. An increase in innovations up to and including period-t has two opposite

effects on the (perceived) frequency of loss-making innovation opporttunities after the next



period (i.e. of z442 = 1), conditional on a profitable innovation opportunity occurring in
the next period (i.e. on x;y; = 0). On the one hand, treating period-{t + 1} posterior and
action as fixed, having more innovations up to and including period t implies, due to the
monotonicity properties of ¢g(.) and 7(.), that it is more likely that a loss-making innovation
opportunity will occur in period ¢ 4+ 2. On the other hand, treating as given period-{t + 1}
history and action, under z;y; = 0, having more innovations up to and including period ¢
implies, due to the monotonicity properties of m(.) and x(.), a lower period-t + 1 posterior
and thereby a lower likelihood that a loss-making innovation opportunity will occur in period
t 4+ 2. As we show in the proof, when the first effect (weakly) dominates the second effect,
the long-run benefit from innovating at period t is non-negative. The first effect would be
the dominant one if the posterior in period ¢ + 1 was independent of past actions, which
would be the case if the agent was convinced about the state of the world (i.e. if u, € {0,1}).
Assumption B is a sufficient condition for the first effect to (weakly) dominate the second
effect.

We now turn to the study of asymptotic learning.

5 Learning

In each period t € {1,2,...}, there may exist an opportunity to experiment (z; = 1) or not
(z¢ = 0). The arrival of experimentation opportunities over time is governed by the “state of
nature” € © = {6y, 01}. The state of nature is a random variable whose realisation is initially
unknown to an agent, who observes the history of arrivals of experimentation opportunities
and would like to discover the true state of nature. We are interested in whether the agent
will learn asymptotically the true state of nature. The environment we restrict attention to
is described next.

Let the vector xt

= (1, ...,o¢) be a sample of length ¢ of (observable) experimentation
opportunities from the initial period up to and including period ¢, with z° denoting a scalar
history initialisation. Denote by X! = {0,1} x ... x {0,1} a t-fold Cartesian product, and
X0 = {xo} is a singleton set representing the “null” history where no sample has been drawn.

The two parameters in © represent very different data-generating processes. The data-
generating process is i.i.d. under 6y whereas under 6; it is (non-trivially) history-dependent.
In particular, we postulate that the conditional probability of an experimentation opportunity

arising in period t is given by two alternative generating mechanisms: for each ¢t > 1
P(z; = 1|zt 00) = p + oo fe(z!h) (5.1)

and
P(ay = 1|z'71,01) = p+ ¢y fi(z'71), (5.2)

where p € (0,1), ¢; > ¢y > 0and f; : X!~! — Ris a non-stochastic coordinate-wise increasing

function satisfying inf;>2 f;(0;—1) > —p/¢; and sup;>s fi(1i-1) < (1 —p) /¢, where 0; and

10



1; denote a t x 1 vector of zeros and ones respectively, and f1(z°) < (1 — p) /¢,. For most
economic applications, a non-negativity requirement applies to the initial condition: fi(z%) >
0. As we show in Lemma 1 in Appendix A, this together with the law-of-motion (5.6) below
imply that f;(x'~!) > 0 for all £ > 1. With this in mind, the image of f;, Im (f;), satisfies
the following restriction according to whether the initial condition f;(x°) can take negative
values: there exists § € (0, (1 — p) /¢;) such that

Im(ft)z{[_p/¢1+5’(1_p)/¢1_5]’ ARG > =p/00 (5.3)

[0,(1—p)/¢1—5], if f1(930)20

In both data-generating processes in (5.1) and (5.2), an experimentation opportunity arises
at time t as a result of the dynamic evolution of the history x!~! of past experimentation
opportunities. The classical case of constant probability p of an experimentation opportunity
(z; = 1) at each period t (irrespective of past experimentation opportunities) may only arise
under 0y when ¢, = 0. Henceforth, we will refer to the process P(-|zt~1,0) as the §-process,
0 € {0p,01}.

Experimentation in period ¢ takes place (d; = 1) when an opportunity for experimentation
arises and the extent of past experimentation is sufficiently low. Specifically, we postulate

that experimentation in period ¢ takes place according to the rule

dy =z 1{ fy(a"1) < Fo(=" 1)}, (5.4)
where, for each t > 1, f, is a non-stochastic function of the history !~ satisfying

gglgjt(xt—l) >0 a.s. (5.5)
and f;(2°) a pre-determined positive constant.

Note that this rule allows for the case when experimentation takes place (for reasons
outside the model) whenever the opportunity arises, d; = z¢, by selecting a sufficiently high
threshold, e.g. infiey fy(z'71) > (1 —p) /dy. As the focus of this paper is on the issue of
learning, we remain agnostic about the reason behind the experimentation rule (5.4). It
could simply be exogenously given (as an experimentation heuristic or because experimen-
tation needs to satisfy certain exogenously set criteria to be given the “go ahead” or not),
or the result of some form of myopic reasoning on the part of an agent who is responsible
for the experimentation (e.g. use of a “rule of thumb”). But it could also be the result of
optimal decision making by a Bayesian agent faced with a learning-by-experimentation prob-
lem where the occurrence of an opportunity to experiment generates a short-run net benefit
from experimentation but, depending on the state of nature, could also give rise to (addi-
tional) long-run costs. Examples of such a problem are when “experimentation” describes
harmful consumption under stochastic habit formation, or refraining from investment when
the current opportunity cost is high and there is stochastic learning-by-doing in the sense

that future costs are more likely to be high the lower past investment has been. In Appendix
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B we provide such an example and show the optimality of an experimentation rule such as
(5.4). Finally, we note that the threshold type of experimentation we focus on here seems to
fit naturally the applications we have in mind. This is especially true since both the beliefs
(of the agent or the budget-holder or the approval committee) and the measurement of past
experimentation are, in principle, continuous variables (see below) whereas the set of actions
is a finite set.

Next, we provide some more structure to the data generating process.

Assumption 1. We assume that

fe(a'™h) = g(fer(@'72), d1), £ 22 (5.6)

for some pre-determined fi(zg) € R a.s., where d;_1 is defined in (5.4) with threshold sequence
f; satisfying (5.5), and g : Im(f;) x {0,1} — Im(f;), with Im (f;) defined in (5.3), is a

differentiable function satisfying the following:
(a) when Im (f;) = [0, (1 —p) /¢; — 0], the function g in (5.6) satisfies

99 (z,y)

dg (2,0
9(0,0)=0, g(0,1)>0, inf 2L >0, ing 2920
2z

z 2>0 Oz

0 (5.7)

(b) when Im (f;) = [-p/¢1 + 6, (1 —p) /¢ — ¢], in addition to (5.7), g satisfies

0
7 = sup sup 99 (=) €[0,1). (5.8)
z<0 y>0 0z

Note that (5.7) implies g (-,y) that is increasing and that both ¢ (-,0) and ¢ (0,-) are
strictly increasing in Ry. The condition (5.8) is a stability requirement that allows to asymp-
totically eliminate negative initial condition effects. We emphasize here that, conditional on
its Markovian structure, the law-of-motion (5.6) for the conditional probability of the occur-
rence of an experimentation opportunity under the state of nature 8 = #; is quite general as
it allows for non-linearities in g(-,y).

The experimentation rule (5.4) and the law-of-motion (5.6) for the conditional probability
of the occurrence of an experimentation opportunity under the state of nature = 601, as
well as the stochastic process P(zt|z'~1, #) are known by our agent. The agent, however, does
not know the true state of nature and would like to discover it. Denote with p, the agent’s
“prior” belief that § = 6, (i.e. the belief given the null history zy before the realisation of
the first sample). Assume that 0 < pg < 1. The agent does observe the history of arrivals
of experimentation opportunities x!. We assume that our agent is Bayesian, and so she uses
the observed history for inference purposes. Denote with u(x?) the (posterior) belief of the

agent that 6 = 01, given the realisation of period-t sample x!. This is given by Bayes rule as:

,Ll,(.’Bt) _ M(xtil)]}»(qutil?el)
WG TRG1,00) 1 (1 — (et (et )’

(5.9)
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Note that p(z!) is a random variable, which depends on the realisation of 2! = (21, ..., z¢).
We leave this section by noting that the above model can also capture an alternative
model where the conditional probability of the occurrence of an experimentation opportunity
in period ¢ under the state of nature 8 = 61 is equal to p plus a strictly increasing function
q(.), with ¢(0) = 0 and ¢'(.) < 1, of the “stock” of past experimentation, with the latter
now be denoted by fi(x'~!) with f; be a function as defined above. In this alternative
specification, (5.6) would then be the law-of-motion for the “stock” of past experimentation.
Such a Markovian law-of-motion is consistent with the laws-of-motion for “stock” variables

used in most economic applications.

6 Asymptotic Learning

The question we address in this paper is whether the agent eventually learns the true state
of nature. We show in what follows that under Bayesian updating in our environment, p(x?)
indeed converges almost surely to one when 6 = 61 and to zero when 6 = 6.

Because the opportunities for experimentation are dependent and heterogeneously dis-
tributed random variables under § = 6; and under 6 = 6y with ¢, > 0, experimentation
opportunities do not have a constant expectation across time and the sample mean of exper-
imentation opportunities does not necessarily concentrate to a constant value. As a result,
the usual techniques for establishing asymptotic learning based on laws of large numbers do
not apply. We propose a novel approach to establishing asymptotic learning in the absence
of stationarity by proving that all accumulation points of the sample mean of a suitable class
of functions of experimentation history have the same sign. The above set of accumulation
points need not be a singleton (as is the case under a law of large numbers) so the approach
is applicable in non-stationary learning environments.

In what follows, we provide an exposition of the key elements of our approach, leaving

the details of proofs to the Appendix A. We employ the shorthand notation
hj = fi(#77') and h; = fj(mj_l). (6.1)

Backward iteration of the law-of-motion (5.9) for the posterior u(z!) combined with the
binary property of x; and the formulae for the conditional distributions P (-]xjfl,ﬁl) and
P (12771, 6¢) in (5.2) and (5.1) give

-1
p(zh) = (1 + 1=k exp {—tﬁt}> , (6.2)
Ho
where .
fy = %Z% (hj) + 045 (1) ast — o0, i€{0,1} (6.3)
j=1

with the function 1, (given by (8.22) in Appendix A) being convex in R and strictly in-
creasing on Ry, the function ¢, (given by (8.23) in Appendix A) being concave in R and
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strictly decreasing on Ry, and v, (0) = 9 (0) = 0. It is clear from the expression in (6.2)
that, when 6 = 61, liminf; .o 7y > 0 a.s. is sufficient for p(z') —,s 1 and, when 6 = 6,
lim sup;_,, 7¢ < 0 a.s. is sufficient for p(z?) —,s 0. Thus, asymptotic learning may occur
irrespective of the existence of a limit of the sequence (7¢),cy. By (6.3), the sufficient con-
ditions for asymptotic learning are equivalent to liminf; o ¢! 2321 ¥y (hj) > 0 a.s. when
6 = 61 and limsup, ¢t~ 23:1 11 (hj) <0 a.s. when 6 = 6.

The above sufficient conditions on the accumulation points of 1 22:1 ¥, (h;) suggest!? to
investigate asymptotic bounds for Eg, (1, (hj)| 2772) as j — oo, but such bounds are difficult
to obtain due to the nonlinearity of the functions ¢; and v¢,. We overcome this difficulty
by using the convexity and monotonicity properties of the functions v, and v, in order to
reduce the above problem to the more tractable problem of deriving an asymptotic bound
for Ky, (hj] a:j*2). This reduction is possible in view of the following proposition, the key
requirement of which consists of an asymptotic lower bound for the conditional expectation
of the original data Y; rather than v (Yj); see (6.4) below.

Proposition 1. Let {G;:j € N} be an increasing sequence of o-algebras, (Yj)jeN be a
sequence of random variables such that Y is Gj-measurable for each j € N, and ¢ : R — R

be a function with the following properties:

(a) there exist k > 0 and a sequence of random variables (gj)jEN such that, for all j € N,
§j is Gj_1-measurable,

E(Yj|Gj-1) >k +§; a.s. (6.4)
and &, —aqs 0 as n — oo.

(b) v is convex on R, strictly increasing on Ry with ¢ (0) = 0, continuous at k and satisfies

supjen [|v (Y5)[, < oo.

Under conditions (a) and (b),

S S
I%rrig}fnz:lw(l/})>0 a.s.
j:

Note that if the convexity and monotonicity assumptions in (b) are replaced by the as-
sumption that v is concave and strictly decreasing on R, then the conclusion of the propo-
sition becomes N

j=1
simply by applying Proposition 1 to the function —. In the context of the current paper, a.s.

positivity of the limit infimum obtains when 6 = 67 and a.s. negativity of the limit supremum

""Note that t=* Z;Zl 1, (hj) may always be approximated by ¢~* 23:1 Eo, (¢; (h;)|277?) as t — oo under
sufficient integrability (but not stationarity) of the sequence {¢,; (h;) : 7 > 1}, see Lemma 2 in Appendix A.

14



obtains when 6 = 6. Proposition 1 can be used to derive positive or negative asymptotic
bounds for the sample mean of a function of a non-stationary stochastic process, for types of
functions that are commonly used in Economics, such as U-shaped and N-shaped functions
around 0 and is of independent interest.

Returning to the main result on asymptotic learning, an asymptotic lower bound of the
type (6.4) for Eg, (hj|2772) is derived by employing the law of motion (5.6) of Assumption 1
together with the expressions for P (+|7~*,61) and P (-|z7~%,60) in (5.2) and (5.1); see (8.31)
in Appendix A.

Theorem 1. Under Bayesian updating, the posterior belief that 0 = 0; converges almost
surely to unity with exponential rate when 6;, i € {0,1}, is the true data generating process.

In particular, there exists p > 0 such that, as t — oo:
(i) 1—p(a") =0 (e7*) a.s. when 0 = 0;.
(i) p(z') = O (e7*') a.s. when 6 = bo.

Theorem 1 proves that asymptotic learning occurs with probability one in the non-
stationary experimentation environment of the current paper. The main mathematical com-
plication arising from non-stationarity in this Bayesian learning context is the lack of applica-
bility of laws of large numbers. We propose an approach that replaces the role of a law of
large numbers in establishing Bayesian consistency by a.s. bounds on the set of accumulation
points of stochastic sequences that would satisfy a law of large numbers under stationarity
but may diverge in our more general nonstationary setting. These bounds are established
by using information from the law of motion governing experimentation (5.6), which is part
of an economic model. The approach is flexible in that it employs information from the
(non-stationary) experimentation time paths to replace the mathematically convenient but
restrictive assumptions of stationarity and ergodicity in establishing Bayesian learning.

The proof of both Proposition 1 and Theorem 2 are included in Appendix B.

7 Appendix A: Properties of IV needed in proof of Theorem 1

Let hereafter u(d,x,h) = (1 — d)(b(h) — zc(h)), and f(h,d) = p + 0g(h, d).

7.1 Proof of Properties (A) and (B) in proof of Theorem 1

Let v be an element of the set S of continuous (and bounded) functions of z, h and p, with
x € {0,1}, h € [0, H] and p € [0,1] . Define then the function of z, h and pu

(NY) (2, b p) = 9(h) X

(1, g(h, d))y (Lg(h, d), %)
max < u(d,z,h) + 0 u[1—F(h,d)]
o) 1= w9, )y (0, g(h, d), =Tl
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In Online Appendix B we can show, using standard dynamic programming techniques, that
the Bellman equation is well-defined and that the associated value function V' is given by the
mapping N, which is unique and uniformly contracting on the set S.

Let S* be the subset of S such that all functions v in S* are non-increasing in z, b, u and
satisfy that v(0, h, m(0, 1, h)) is non-increasing in h for any p. Observe that S* is nonempty
(as it includes all constant functions) and, notably, all functions in S* satisfy properties (A)
and (B).

Given that N is uniformly contracting on the complete normed vector space S (the subset
of all continuous functions y(z, h, 1) from {0,1} x [0, H] x [0, 1] to R endowed with the sup
norm), we have that if N : S* — S* and S* is closed, then the unique value function defined
by the Bellman equation lies in S*; see for instance Stockey and Lucas (1989), Ch. 3.2,
Corollary 1. We show these two properties in turn (and thereby properties (A) and (B) in
proof of Theorem 1).

7.1.1 Proof that N maps S* into 5*

Let Erv(X) = 7v(1) + (1 — 7m)v(0). We prove first three useful Lemmata:

Lemma 1. Fix a continuous function vy(x, h,pn). If, for any b > h', " > 1/ and d" > d',

we have
vy =1, g0, d),m(1, ', g(B',d')) > v] =~(1,g(h",d"), m(1,u", g(h",d")))
v = (0, g '), m(0, 1 g, d')) > il = (0, g(", d"), m(0, 1", g(h", "))
vy > v}

then

Ew(u’,g(h’,d’))ry(Xa g(hlv d/)a m(Xa //7 g(hlv d,))) > Eﬂ(u”,g(h”,d”))’y(X7 g(hnv d”)7 ’I’)’L(X, ;ulla g(hua d”)))

Proof. Let 7/ = n(¢/,g(I,d")) and «” = w(u”, g(h”,d")) and note that 7’ < #”. Now,
take the difference n'v} + (1 — 7')v) — 7"v] — (1 — 7”")v{, add and subtract 7”"v] + (1 — 7" )],

and rearrange terms to obtain (1 — 7”)(vy —vf) + (7' — 7") (v} — v}) + 7" (v] —0f) >0 O

Lemma 2. Consider v € S* and let (2", b, 1) > (2/, W, 1) with at least one inequality
being strict. Let also d” > d', and set m(0) = m(0, u, h), m'(0) = m(0,u,g") and m”(0) =
m(0, 1, g"), and ¢",d") and ¢g"",d"). We have that:

Eﬂ(u’,g(h’,d)) [7(X7 g(h/7 d)v m(X7 ,LL/, g(h/7 d))]
IE“71'(;L,g(h,0)) [7<X7 g(h'v 0)7 m(Xv Ky g(hv 0)))]

AV

Eﬂ(u”,g(h”,d)) [7(X> g(h”a d): ’I?’L(X, ;ulla g(hua d)))]
IE“7'1'(;L,g(h,d”)) [7(X7 g(h7 d”)v m(Xv Ky g(h‘v dl’)))]

v
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and

Bore(me(0),9(g ()00 [V (X5 g (g (R, d'), 0), m(X,m'(0), g(g (W, d'),0)))] >
B (m(0).9(g(h,a),0) [7(X5 g(g(R”, d"), 0), m(X, m"(0), g(g(h",d"),0)))]

Proof. The first inequality follows from Lemma 1 and the following: (a) 7(y/, g(h',d)) <
m(u", g(h",d)), (b) v(0,g(h',d),m(0, i, g(h', d))) > (1, g(W,d), m(1, 1, g(W',d))) due to v €
S* and the monotonicity of m(x, ¢/, g(h', d)) with respect to z, (¢) v(1, g(h',d), m(1, i’, g(h',d)))
> (1, g(h",d),m(1,u", g(h",d))) due to v € S* and the monotonicity of m(1, u, h) with re-
spect to p and h, and finally (d) v(0, g(', d), m(0, i/, g(h', d))) > (0, g(h",d), m(0, ", g(h", d)))
due to m(0, i/, g(h”,d)) < m(0, ", g(h”,d)) and that v € S*.

The second inequality follows from Lemma 1 and the following: (a) 7(m(0), g (h ))
7(1(0), (8, 1), (1) (1, g(h,0), m(1, m(0), (1, 0))) < 1(0, g (1, 0), m(0, m(0), 4(h, )

v € 5% and m(L,m(0),g(h,d)) > m(0,m(0),g(h,d), (c) 7(1,g(h,0),m(1,m(0),g(h. mz
v(1,g(h,1),m(1,m(0),g(h,1))) due to v € S* and the monotonicity of m(1,m(0),g(h,d
with respect to d, and (d) (0, g(h,0), m(0,m(0),g(h,0))) > ~(0,g(h,1),m(0,m(0),g(h,1)
due to v € S*.

)

The last inequality follows from Lemma 1 and the following: (a) 7(m’(0), g(¢"(0), g(¢",0))
from Assumption B, (b) v(0,9(¢",9(4’,0))) > ~(1,9(¢",9(¢’,0))) due to v € S* and the
monotonicity of m(z, i’, g(¢'0)) with respect to z, (¢) v(1, g(¢”, g(¢’,0)) > v(1,9(¢"", g(¢",0)))
due to v € S* and the monotonicity of m(1, u, h) with respect to p and h, and finally (d)

7(0,9(9",9(¢',0))) > 7(0,9(¢"", g(¢",0))) due to m(0,u’,g(g",0)) < m(0, ", g(g”,0)) and
that v € S*. O

Note then that the definitions of maximum and the decision rule d(.), and the properties of
¥(h) and u(.), and the above properties imply, after setting now, with some abuse of notation,
d =d(z',n, ) and d”" = d(«",h", "), that, when 2/ = 2" = z,

(Nv) (=, 1)

(! " " w (R
= O(') quld,z,b')+0 (' g(R7))y (1 A )] ghz
+u—ﬂugmﬂwwomwmﬁwﬂm
_WEm }

/// ///
> 19(]1/) u(d" z h,) 46 'u g h 1,9 h ’7rlt g (h''"))
sl ) My +[ ( ’g h’” 1 f(h”’)]

|

//// //// wF(R"")
> J9(h") {U(d// z, h") +5{ m(u, 9(h (1’ (W), gty 9(’““’”) }}
= (] _ //// /l// w
L=, gy (0, g(h), £LTETDY

= (N9)(z, n"")

u g h’”)

Furthermore, setting 2’ = 0 and z” = 1, and b/ = h” = h and i/ = p” = p, we have:
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h.d 1, g(h, d pf( hd,
(NY)(0,h,p) = u(d',0,h) + Tl ))7( o )’T(Hg[ildf h)d )]
+[L = (. g(h, &)y (0, g B, ), =Ll
_uf(h0)
> (0,0, h) + (1, 9(h, 0))7(1, g(h, 0), Mg(?o )
1 = (. 9(h, 0))]7(0, g (h, 0), ST
(h,d'")
> { @ L+l gt dLglh ), bty

)
L= (g, )0, g(h, ), HT )

= (Ny)(1,h,p)
with the last inequality using also d” € {0,1}.

Therefore, N+ is non-increasing as well.

Let m/(0) = m(0, u, g(h',d")) and m”(0) = m(0, u, g(h”,d")).To show that (N~)(0,g(h’,d"),m'(0)) >
(Nv)(0,g(h”,d"),m"(0)), we show first that d(0, h,u) = 0 for any h, p.

To see this, let us compare
U(O, 0, h) + 6Eﬂ(u,h’)V(X7 h,a m(X) Hy h,))

where b’ = g(h,0), with

U(L 0, h) + 6E7r(u,h”)v(X7 h”7 m(Xa K, h”))

where h” = g(h, 1). Observe that 7(u, h') < w(u, h”). Using that v € S* and the monotonicity
properties of m(z, u, g(h,d)) with respect to x and d, we get v(1, h', m(1, u, b)) <~(0, ', m(0, u, h'))
and (1, h',m(1, pu, b)) > ~v(1, A", m(1, u, K")). From v € S* we also have v(0, ', m(0, u, h'))
7(0, A", m(0, u, "))). From these properties and Lemma 1 we have E(, )y (X, ", m(X, u, h")) <

By V(X B, m(X, p, b')). This alongside u(0,0,h) > u(1,0,h) (from Assumption A) gives
us the desired result that d(0, h, ) = 0.

Equipped with this result, set now, with some abuse of notation, d” > d’. Using Assump-
tion B as well as the monotonicity properties of m(xz,m,g) ¥(h) and u(.), and Lemma 2)
that:
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(N9)(0,g(H,d"), m'(0))
= ﬂ(g(hla dﬁa d,))
m(m'(0), g(g(',d'),0))v(1, g(g(R',d'),0), m(1,m'(0), g(g(R',d'),0))) }
+[1 = 7(m(0), g(g(r',d’),0))]7(0, g(g(', d'),0),m(0,m’(0), g(g(h', d'), 0)))
Z ﬁ(g(h/l’d/l//, d//))
m(m"(0),g(g(h",d"),0))v(1,g(g(h",d"),0), m(1,m"(0), g(g(h",d"),0))) }
+[1 —7(m"(0),g(g(h",d"),0))]v(0, g(g(h",d"),0),m(0,m"(0), g(g(h",d"),0)))
(N7)(0,g(n",d"), m"(0))

+89(g(K,d")) {

+00(g(h",d")) {

Thus, we have that N maps S* into itself.
>R 3k sk >k Skosk sk skoskok sk skokok skskokok skoskok ok

Finally, we prove property (B) for t =n —1 After using Lemma 1, we have that

V(O, g(hna an), m(0, Py P an)) = (g(hn, an))”(oa 0, g(hna an))
+619(g(hn7 an))Efr([),g(hn,an),m([),un,hn,an))V(X7 g(g(hna an)a 0)7 m(X, m<07 M hn7 an)a g(hn7 an)7 0))

Using the monotonicity properties of m(.,.,.,), g(.,.) and properties (A) and (B) for t = n
we also have, for any (a!! h”) > (a),, hl), that

TL’ n n»''n

(a) V(L g(hy, ap,), m(L, p, by ar,)) > V(L g(hi, ar), m(L, b az)),

(b) V(0, g(hy,, ap), m(0, p, hyyya)) > V(0, g(hy, ap), m(0, i, hyyyay)), and

(c) V(0,g9(hl,al),m(0,u, bl al)) > V(1,g(hl al),m(1, u, k! al)). The proof is complete
after noting that 7(0, g(hn, an), m(0, t,,, hn, ay)) is nondecreasing in hy,, a,, by Assumption

??, and recalling Assumption ?? and ¢(h)) < 9(hl,).
SRR AR oK

7.1.2 Proof that S* is closed

In what follows we endow all the function spaces with the sup norm. Let the subset of S
consisting of all non-increasing functions be denoted by S%?. Note that S%? is a closed subset
of S, and hence a S%? endowed with the sup norm is a complete normed vector space space
itself.

Take now any function v € S%?. For any admissible (according to Assumption B) g and

f, consider the function 7 that maps h,d, i to R as:

v(h,d, ) = (0, g(h, d), m(0, i, g(h, d))) (7.1)

Define then the set of functions, 1% C S§%¢ such that v € S%¢ if and only if 5 is non-
increasing in h and d. Note that S* = S1¢. We therefore need to show that S is closed.

"See proof of Theorem 4.7 in Stockey and Lucas (1989).
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To do so, denote with ' a generic element of S™?. Moreover, we use an upper-bar to denote
a limit function. Thus, for instance, 7 denotes the limit function of a sequence of functions
{ntnze-

Consider now a sequence of functions {75}, where 7} € S such that this sequence
has a limit function 5'. We need to show that 7' € SY¢. Since S™¢ is a subset of S%? and
since S%? is closed, the limit function 7' must be in S%¢ so the only way 7' can not be
in S1¢ is because its corresponding %1 is increasing in h and d. Thus, suppose that %1 is
increasing in h and d. Fix a p and consider h” > h' and d” > d’, with at least one inequality
strict, such that %1(h”,d”,u) - %1(h’,d',u) = ¢, for some ¢ > 0. Let ¢ = g(h/,d') and
g" = g(h",d"). Similarly, ' = m(0,u,g(h',d")) and p’ = m(0,u,g(h”,d")). From (7.1),
we have, v%(0,¢, 1) = AL(W,d', ) and +1(0,¢", ") = FL(K",d", ). Moreover, we have
that ¥1(0,4', ') = %1(h/,a’,u) and 71(0,¢", u") = ﬂ(h”,a“,,u). Since . converges to 7

uniformly, there exists a integer n > 0, such that for all n > n,

_ 93 _ £
|’Y}L(Oag//7uﬂ) - 71(0’9/171//)‘ < 5 and ‘7%(079/7“/) - 71(079/71/” < 5

From the above two inequalities we have,

_ g
and  v5(0,¢, 1)) <7(0,¢', 1) + 3

| ™

v (0,9" ") > 71 (0,9", 1) —

We thus get 74 (0, 9", u") — 740, g 1) > 70,9 1) = 70,9 1) — = 5 (W', d", 1) —
%1(h’, d', 1) — e = 0 which implies that 3. (k”,d”, 1) — ¥~ (K, d’, ;1) > 0. This contradicts that
7L € §Y4 and so S is closed.

7.2 Proof of properties (C) and (D) in proof of Theorem 1

To reduce notation we drop without risk of confusion the subscript n + 1 from the functions
Vot1(ss -, .) and an(.,.,.) in what follows.
We start with proving property (D) for t =n—1 For any given u,,_;, hy,—1 and

an—1 and corresponding history h,, = g(hn—1, an—1) and posteriors m,(z,) = m(Tn, thy_1, An—1, Gn-1),
let z,, = 0. Then, conditional on facing a task, if a, = 0, the expected discounted payoff in
period n is

(0,0, hn) 4 0B (0 p,0,mn (0)) V (X, B, m(X, M (0), by, 0))

where b’ = g(hy,,0). On the other hand, if a, = 1, the payoff is
v(1,0, hy) + 5E7r(1,hn,mn(0))v(X’ h//, m(X, myp(0), hy, 1))

where " = g(hp, 1).

Note now that (0, hy,m,(0)) < w(1, hy,my,(0)). Using property (A) for t = n and the
monotonicity properties of m(x, m,(0), hy,, a) with respect to x and a, we get V (1, h', m(1, m,(0), hy, 0))
< V(0,h',m(0,my(0), hy,0)) and V (1,1, m(1,my(0), hy,0)) > V(1,h",m(1,m,(0), hy, 1)).

From property (B) for t = n we have V(0, h’, m(0, m,,(0), hy,0)) > V (0, ", m(0, m,(0), hy, 1)).
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These imply that E7r(1,hmmn(0))V(Xa h”, m(X, mn(()), hn, 1)) < E7r(07hn7mn(0))V(Xa h/, m(X, mn(O), hn, 0))
This alongside v(0,0, hy,) > v(1,0, hy,) completes the proof that a,(hy,,0,m,(0)) = 0.
We now prove property (C) for t =n—1 Recall that m,(1) > m,(0). Given the

previous result, we have, for any given u,,_;, hp—1 and a,—_1, and corresponding period n

history h,, and posteriors my(x,),
V(0, by min(0)) = 9(hn){v(0,0, hn) + 6 Er(0,h,mn0) V (X, h',m(X,my,(0), hyn,0))}
and similarly
V (1, hn, mn (1)) = 9(hn){max{v(a, 1, n)+0 Ex(a,h,m, 1)V (X, g7, @), m(X, mn (1), hn, 0)) 1}

Note a = a(hp,1,my(1)) > 0. Due to v(0,0,hy,) — v(0,1,hy,) > v(0,0,h,) —v(1,1,h,) =
D(hn)v if Eﬂ(&,hn,mn(l))V(Xa g(hnv a)v m(X7 mn(l)a hy, a))SEn(O,hn,mn(O))V(Xa hlv m(X7 mn(()), by, 0))a
the proof is complete. This follows from (a) V' (0, ', m(0,m,(0), hy,,0)) > V (1, ', m(1, my(0), hy,0))
due to property (A) for ¢ = n and the monotonicity of m(x, my(0), hy,0) with respect to x,

(b) V(1,h,m(1,m,(0), hy,0)) > V(1,g(hpn,a),m(1,my(1),hy,,a)) due to property (A) for

t = n, that g(h,,a) > k', and the monotonicity properties of m(1, u, hy,a) with respect to

wand a, (¢) V(0,h',m(0, mp(0), hp,0)) > V(0,g(hn,a), m(0,my(1),h,,a)) due to properties

(A) and (B) for t = n, and m(0,my(1), hy,a) > m(0,m,(0), hp,a), and (d) 7(0, hy, mp(0))

< (@, hp, my(1)).

8 Appendix B
In the notation of (6.1), (5.6) becomes
hi =g (hi—1,zi—11 {hi=1 < hi—1}), i > 2, (8.1)
with initial condition hy := fi(x) satisfying
P(Jh] < 0) =1, (8.2)
and threshold process satisfying

h; is o (z;-1,...,£1) -measurable with inlgﬁi >0 a.s. (8.3)
1€

in view of (5.5) and the fact that each f, is a non-stochastic function.

We start by establishing two preliminary results.

Lemma 1. Consider the sequence (h;);», defined by (8.1) and hy satisfying (8.2). The
following hold for each i > 2:

(i) hi—1 >0 a.s. implies that h; > 0 a.s.
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(ii) hil{h; <0} >~""1h11{h1 < 0} a.s, for some v € [0, 1).

Proof. We employ the mean value theorem

dg (z,
9z =g 0) +2 LEV o) < 1, (5.4

2=20

with 2z =h;_1 and y = z; 11 {hi_l < E_l} to the right side of (8.1): when h;—1 > 0 a.s.,

99 (2,11 {hi—1 < hi_1})
0z

N . . y P
hi > g (Oa xi—11 {hlfl < hzfl}) + hi—1 ;Izlf(;
> g(0,2-11{hi—1 < hi—1}) >g(0,0)=0
a.s. by (5.7), since g (0,-) is strictly increasing and ;11 {h;—1 < h;—1} > 0. For part (ii),

write

h;1 {hl < 0} =h;l {hz < 0} 1 {hifl < 0} + h;1 {hz < 0} 1 {hifl > 0} . (8.5)
For the first term of (8.5), using the expression for h; in (8.1), applying (8.4) with z = h;_;
and y = z;_1, and using Assumption 1 yields
h;1 {h, < 0} 1 {hi—l < 0} = g (hi—la xi_l) 1 {hi—l < 0} 1 {hi < 0}

<9 (0,2i-1) + hi—1sup (‘9g(z,xz_1)) 1{hi—1 <0} 1{h; <0}
z<0 0z

v

09 (z,zi—
> hi_lsupéﬂ%w
z<0 z

Jg (z,
> h;—1supsup 9(%Y)
2<0y>0 Oz

1 {hi—l < 0} 1 {hz < 0}

1 {hz'—l < 0} (8.6)

where the last inequality follow from the fact that h;—; < 0 and (5.8) implies that the
term above (8.6) is minimized when 1{h; <0} = 1. The MVT (8.4) with z = h;_; and
y=1x;—11 {hz‘—l < Ei—l} yields

h;1 {hz < O} 1 {hi,1 > 0} = g (hi,1,$¢,11 {hi,1 < Eifl}) 1 {hi,1 > 0} 1 {hl < 0}
99 (z,zi—11{hi—1 < hi—l}))

> (9 (0,2i—11 {hi—1 < hi—1}) + hi—1 ;Izlg 5,
X1 {hi—l > 0} 1 {hi < 0}
g (O,Ii_ll {hi—l < Ei—l}) 1 {hi—l > O} 1 {hl < 0}

0

\Y

v

for all 4, similarly to above. By substituting the last bound and (8.6) into (8.5), we conclude
that
h;1 {hZ < 0} > ’yhi,11 {hifl < 0}

22



for all 4, with v = sup,_qsup,> g (2,y) /0z € [0,1) defined in (5.8). Backward recursion of
the final inequality yields the result. l

Lemma 2. Let {G; : j € N} be an increasing sequence of o-algebras and Y; be Gj-measurable

random variables for each j € N. If supjey ||YJ||L2 < 00, then
1 n
" Z [Y; —E(Yj|Gj-1)] —as 0 (n—o00).
j=1

Proof. Letting Z; := Y; — E(Y;[Gj-1) and M,, := }"_, Z;, note that (Z;,G;) is a martin-

gale difference sequence and (M, G,) is a martingale with

2 2 2 2
sup || Z;|7, < max {SUP 1Y;117, - sup B (Y} gj—1)||L2} <sup [[Yjl[7, <00 (8.7)
JEN jEN jEN jEN

where the second inequality is obtained by the Jensen inequality for conditional expectations
applied to the convex function = — 22 followed by the law of iterated expectations, so M,
is a square integrable martingale. By the strong law of large numbers for square integrable
martingales (see e.g. Theorem 4 in chapter VIL5 of Shiryayev (1995) with A,, = n), the
condition
=1
S SE ((AMJ-)Z‘ Gi1) < oo as, (8.8)
=17
is sufficient for M,,/n —4, 0. In our notation, the monotone convergence theorem and the
law of iterated expectations yield

1 1 1

2 2 2

> B (@MP6)| =Y 58(2) <swlZlE, > 5 < .

1 J — J jEN —1 J

Jj= L, = j=

by (8.7), which implies the sufficient condition (8.8), since || X||;, < oo implies that |X| < oo
a.s. for any random variable X. The validity of (8.8) ensures that M, /n —,.s. 0, as required.
|

Proof of Proposition 1. We derive some preliminary bounds. First, since {; —q.5. 0,
there exists a random integer Jy such that §; > —k/2, and thereby k + § > k/2 > 0 for
all j > Jy a.s.. Given that v is increasing on R, the latter implies that

Y (E(Y)|Gj—1)) > ¢ (k+¢&;) forall j>Jy as. (8.9)
by (6.4). Second, convexity of 1) yields

E (¢ (Y))|Gj-1) = ¢ (B(Yj]Gj-1)) 2 ¥ (k + &) (8.10)
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for all 5 > Jy a.s., where the first inequality follows by the Jensen inequality for condi-
tional expectations and the second inequality follows from (8.9). Third, letting M, :=
> [ () = E (¥ (7)1 Gj-1)], supjen [[¥ (Y))ll, < oo and Lemma 2 (stated and proved
in Appendix A) imply that M, /n —,. 0. Denoting

Jo—1

Sjo = Z E (v (Y5)|Gj-1)

for brevity, we can then write a.s.

n

1 1 1 1
ﬁzi/)(yj) = . ZEW(YJ‘)|QJ‘71)+;SJ0+5MTL
Jj=1 Jj=Jo
> lzn:z/;(erg-)JrlSJ +EM (8.11)
- anJO ! n ’ n ! .

by (8.10).

To prove the desired result, note first that the fact that 1 is strictly increasing with
¥ (0) = 0 implies that 1 (y) > 0 for all y > 0. Thus, since x > 0 by assumption, ¥ (k) > 0.
Also, we have that §; —4.s. 0 and continuity of ¢ at x imply that 1 (/i + £j) —a.s ¥ (k). The
Cesaro lemma (e.g. 12.6 in Williams (1991)) then gives

% Z Y (k+¢&;) —as ¥ (k) > 0.
j=Jo

Furthermore, the law of iterated expectations and supcy [|¢ (Y;) ||, < oo imply that ||E (¢ (Y;)|G;-1)[,, =
[4 (¥j)Il,, < oo, which, in turn, implies that E (1 (Y;)|G;j—1) < oo for each j a.s. and hence

(Jo —1) max [B (¢ (Yj)[Gj-1)| —as. 0.

1 1
Sy, < —
n n 1<5<Jo

Finally, recall that we have shown that M, /n —, 0. We conclude that all but the first
term on the right side of (8.11) tend to 0 a.s., and so taking the limit inferior in both sides
of (8.11) yields

1 n
lim inf — Y;) > s.
im in n;w i) = (k) >0 as

as required. W
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Proof of Theorem 1. We start by proving (6.2) and (6.3). Backward iteration of the

law-of-motion (5.9) for the posterior u(z!) gives

Ho H;:JD (27]x771,01)
o [T5—y P (@]23=1,01) + (1 — pg) TT5_, P (279|231, 6o)

. -1
— 1 + 1 B ILI/O 1_[2:1 IP) (wl‘x’Lil’ 00) (812)
o ITj—y P (27|27, 01)

') =

where, using the binary property of x; and the formulae for P (-]wjfl, 01) and P (-|acj*17 90)
in (5.2) and (5.1), we may write

Hf:l P (qui_lv 90) _ H§:1 (p+ %hz’)xi (1-p— ¢0hi)1_xi
1= P (27]27=1,6) [T5—1 (0 + dohj + (&1 — ¢o) hj)™ (1 —p — dohy — (61 — o) hj)' "
_ 1 _ 1
‘ (1-60)h; \ ¥ (01=0)hs )
I (0 )™ (- o) t
where .
(61 — do) hj>‘”f < (61 — o) hy >”f‘
T = 14 Yol R S P . 8.13
! jHl< P+ doh; 1 —p— ¢oh; (8.13)

We conclude that the expression for the posterior in (8.12) can be simplified to

w(zh) = <1 + T’;) - (8.14)

with 7; given in (8.13).
We will show that there exists p > 0 such that

m; > et for all but finitely many ¢ a.s., when 6 = 6; (8.15)

and that
7 < e P for all but finitely many ¢ a.s., when 6 = 6. (8.16)

We may express 7; conveniently it terms of the function

. P+ oy 1—p— 91y
q(z,y) =xlog (p—i— ¢0y> + (1 —x)log <1 - %y) (8.17)

by employing the identities

_ logm _ . (1 — do) Iy o _(¢1—¢0)h‘
T = e =exp jz;[:cjlog<1+p+%hjﬂ>+(1 x])log<1 1—p—¢0hjj)]

t

= exp Zq(xj,hj) = exp {t7+} (8.18)
j=1
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where
t t

o ) g
oy = th::lCI(in,hj) = th::lEQi (q(xj,hy)|2?~t) + T M (8.19)

with Eg, (| CL’j_l) denoting the conditional expectation when 6 = 6; for i € {0,1} and

Z q(xj,h;) — Bo, (q (x5, hj)|2?~1)]. (8.20)

p+¢1y>

Observe that M;/t —,.s. 0 by Lemma 2 since the monotonicity of the functions y — log (p oy

and y — log ( —P— iﬁ) and the binary property of z; imply that

?1>1p|fJ(l"ga Al <max{lg (1, —p/é1 + 0, lg (1, (L =p) /d1 = )], q (0, =p/¢1 + )|, g (0, (1 = p) /1 = D)} as
by (5.3), since Im (h;) = Im(f;) by definition of the h; sequence in (6.1). Substituting
M/t = 045 (1) to (8.19) shows (6.3) and (6.2) follows by combining the identities (8.12)-
(8.14) with (8.18) and (8.19).
Since each hj is o (zj_1, ..., x1)-measurable, the conditional expectation in (8.19) can be
evaluated for ¢ € {0,1} as

- - + ouhy - L—p— iy
Eo, (¢ (xj,h;)| 2’ B o= P(z;=1]2) 1,9 <p >—HP’ x; =0|z77,0; log<
9( (J ])‘ ) (J | +¢O (] | ) 1*p*¢0hj

= Y1 (b)) 1{i =1} + 9o (h;) 1{i = 0} (8.21)

where, using the formulae for P (-|z7~1,6;) and P (-|z7~*,6p) in (5.2) and (5.1), the functions
1,1 : Im (f;) — R are given by

Y1 (y) = (p+ ¢1y)log (p . ¢1y> +(1—p—¢1y)log (W) (8.22)

P+ oy P = $oy
and iy ) 5
_ p 1Y o —D— 91y
o) = o+ don)log (2200 ) 41— p— o tog (22250 ) . s2)

with Im (f;) defined in (5.3).
It is easy to see that, when 6 = 6, the function v, in (8.22) satisfies the assumption (b)
of Proposition 1: 1 (0) = 0 and by computing the derivatives

Pty 1—p—o1y\ , p(é1—do) (1—p)(d1—¢)
p+¢oy> ¢llog<1—p—¢oy>+ P+ doy 1 —p— ooy

wll (y) = ¢, log (
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() = ) | () (O “ )

P+ooy \p+oy  p+ gy l—-p—¢y \1—-p—01y 1—p—odyy
2 2
P (1-p) ]

B 2
= (¢1— o) (p+ 1) (p + doy)? * (1—p—¢1y) (1 —p— ¢gy)”

it is readily checked that ¥] (y) > 0 for y € Im (f;), establishing the convexity of ;. Also,
since 9} (0) = 0 and ] is increasing (by convexity of v;), we deduce that 1} (y) > 0 for all
y > 0, i.e. 9, is strictly increasing on R;.

Similary, when 6 = 6, the function —1, can be seen to satisfy assumption (b) of Propo-
sition 1: —, (0) = 0,

P+ oy (¢1—¢0)p <1—P—¢1y>_(¢1—¢0)(1—l))
P+¢0?/>+ P+ oy %olog 1—p— ¢y 1—p—¢yy

Vo (y) = ¢ log (

and

) - B ) p? (1 —p)2
W= @”<@+%m@+¢wf+a—p—%mu—p—@wg

imply that ¢§ (y) < 0 for all y € Im (f;) which, combined with ¢ (y) , implies that 1§ (y) < 0
for all y > 0. We conclude that 1), is strictly decreasing on R, and concave on Im (f;),
completing the proof that —1 satisfies assumption (b) of Proposition 1.

The above properties of the functions v, and —1, suggest that Proposition 1 may be
applied to the sample average of the sequences 1; (h;) and — (h;) provided that a suitable
lower bound of the form (6.4) satisfying part (a) of Proposition 1 can be derived for the
conditional expectation of hj. To obtain such a lower bound, use (8.1) and the fact that

g (+,0) is increasing to write

hj = hjl{hj-1 <hja}+hj1{hj1 >hj1}
= g (1,221 {hjy <hja}) 1{hj1 <hja}
+g (hjr,zj11 {hj—1 < hj—1}) 1{hj_1 > hj1}
= g(hj—1,2j-1) 1 {hjo1 < hj1} + g (hj—1,0) 1 {hj—1 > hj_1}
> g(hj—1,mj-1) 1{hj—1 <hj_1} + g (he,0) 1 {hj—1 > hj_1} (8.24)

for some h, > 0, since g (hj—1,0) > g (infjeN Ej_l, 0) on the set {hj_l > Ej_l} and inf ey Ej_l >
hs for some hy, > 0 by (8.3). Also, since g (-,0) is strictly increasing and g (0,0) = 0, hy > 0
implies that

g (h«,0) > 0. (8.25)

We turn to finding a lower bound for the first term in (8.24). Using (5.7) and z;_; € {0,1}

we have
g(0,z5-1) > Bxj1 (8.26)
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for some 5 € (0,(1 —p) /¢y —6). Next, on the set {hj_; > 0}, applying the mean value
theorem and using (5.7) and (8.26) gives

. 0g(z,xi_
g(hj—1,zj-1) = g(0,2j-1) + hj1 ;ggg(azjl) >9(0,2-1)

> Pz (8.27)

Finally, on the set {h;—1 < 0}, applying the mean value theorem and using (5.7) and (8.26)

gives

AV

0g(z,xi_
g(0,z;_1) + hj_1sup 79( 5 i=1)
2<0 z

ﬁxj_l —i—")/hj_l (8.28)

g (hj—1,2j-1)

Y

where ~, defined in (5.8), satisfies v € [0,1). Combining the bounds in (8.27) and (8.28) we

obtain

g(hj—r,xj 1) 1{hj1 <hja} = g(hj1,251)1{0<hj 1 <hj1}+g(hj1,2j1)1{hj1 <0}
Brj11{0 < hjy < hja} + (Bzj-1 +vhj-1) 1{hj—1 <0}

= Bxj_11{hj_1 < hj_1} +~vhj—11{h;—1 <0}

> Bxj_11{hj_1 < hj_1} ++ hi1{h <0}

Vv

where the last inequality follows by Lemma 1(ii). Substituting back to (8.24), we obtain
h]' > ﬁxj,ll {hj,1 < Ejfl} + g (h*, 0) 1 {hjfl > Ejfl} + ’thll {hl < 0} . (829)

To take the conditional expectation of h;, note first that all random variables in (8.29)
apart from x;_q are o (xj_2, ..., x1)-measurable, and so the conditional expectation of z;_1,for
i€ {0,1}, is given by

By, (zj1]272) = P(z;-1=1]2772,6;)
= (p+ dohj—1)1{0 =0} + (p+ ¢1hj—1) 1 {6 = 61}
p+hi-1(¢o1{0 =00} + ¢11{0 = 61})
p+¢rhj11{h;1 <0}
p1{hj1 <hj1} + ¢yl {hn < 0} (8.30)

vl

Y

where the first equality follows from the binary property z; = 1 {z; = 1}, the second equal-
ity follows from the form of the conditional distributions (5.1) and (5.2) and the last in-
equality follows by Lemma 1(ii). Taking conditional expectations in (8.29) and using the

28



Fj—g-measurability of 1 {hj_1 < hj_1} and h; and the bound in (8.30) we obtain

E@i (h]| :Cj_2) > BE@]. (:Uj,1| :Ej_2) 1 {hj,1 < Ejfl} +g (h*,O) 1 {hj,1 > Ejfl} + ’thll {hl < 0}
BpL{hj—1 <hj_1} + g (he,0)1{hj1 > hj_1} +97 T hil{h1 < 0} (18 + 7).

v

Since h1 < 0 and 1 {hj_l < Ej_1} +1 {hj_l > Ej_l} =1, the last bound implies that
Eg, (hjl27~%) > min {Bp, g (h«,0)} + (¢18 +7) 7' "hal {h1 <0} Vj a.s. (8.31)

for i € {0,1} and constants 8 € (0, (1 —p) /¢; —0) and v € [0,1). The range of 8 and ~ to-
gether with (8.25) imply that & := min {8p,g (h«,0)} > 0,&; := (¢18 +7) ¥ hil {h1 < 0} =4,
0. Hence, (8.31) and the properties of the functions v; and 1, implies that Proposition applies
with Y; = h; and ¢ € {41, =1}, giving:

t—oo {4 t—oo b

t t
1 1
lim inf — g ¥y (hj) > 0 a.s. and limsup — E o (hj) <0 a.s. (8.32)
j=1 j=1

where the second statement is implied by liminf; ¢! 23:1 (=g (hj)) > 0 a.s. and the
standard relationship limsup, . 2, = —liminf; ,o (—2;). Combining (8.32) with (8.21),
substituting into (8.19) and using the fact that t=1M; —, s 0 implies that

litm inf7, >0 a.s. when 6 =0, (8.33)
and
limsup7; < 0 a.s. when 6 = 6. (8.34)
t—o0

When 0 = 64, (8.33) and (8.18) imply (8.15) which, in turn, implies that
1/m < e P for all but finitely many ¢ a.s.

for some p > 0. Substituting the last bound into (8.14) and using the well-known approxima-
tion

(1+cx) ' =14+0(z) asz — 0 (8.35)

for any scalar ¢ # 0 to (8.14), we obtain, for all but finitely many ¢,

1 -1
p(zt) > (1 + 'uoe_”t> =1+0 (e ") as.,
Ho

proving the first part of the theorem.
When 6 = 6y, (8.34) and (8.18) imply (8.16), which, in turn, implies that

1/m > e for all but finitely many ¢ a.s.
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Substituting the last bound into (8.14) and using and (8.35) yields, for all but finitely many
2

IN

1 -1
(1 N 1—py 6pt> _ Mo —pt (1 4 1) e—pt>
Ho L= po L= po

= B[40 ] =0(") as,
L — o

p(z')

proving the second part of the theorem.

9 Appendix C: Proving rule (5.4)

Theorem 1 implies that optimal decision-making is such that:

dy = x:1{G(ht, &) < 0}

where

G(he, &) == 0{[0 + §;Ab)[g(he, 1) — g(he, 0)]D(he, &) + W (he, &)} — [e(he) — b(Ry)]

Consider the case when G(h, ) is strictly increasing with G(hy,1) < 0 and G(H,1) > 0.12
These two inequalities capture a decision-maker who, in the first period, would experiment
(not invest in a high-cost project) if she was convinced that § = 1 as long as the “stock”
of past experimentation, hi, is sufficiently low; specifically, if hy < h, where h, satisfies
hi < he < H and G(hs,1) = 0. Suppose also that G(H,0) > 0. This ensures that if the
decision-maker was convinced that § = 0, then she would choose to not experiment (invest
in a high-cost project) only if the stock h; was high enough, i.e. if G(ht,0) > 0. In such
an environment, a decision-maker who has imperfect information about the state of nature
chooses to experiment only when an experimentation opportunity arises (z; = 1), and the
extent of past experimentation, hy, and the posterior, &,, are sufficiently low. Observe also
that the monotonicity properties of G(-) and that A\; € (0,1) and G(hi,1) < 0 imply that
G(h1,&(h1,A1)) < 0, which guarantees that experimentation starts at the first opportunity.

Note now that & = £(hy, A) is a (weakly) increasing function of the measure of past ex-
perimentation h; and the prior belief A\; that § = 1. This, together with G(h1,£;) < 0 and the
monotonicity properties of G(-), implies that G(h,£(h, \;)) = 0 defines implicitly a threshold
stock h.(\;) that depends (weakly) negatively on A, and is such that G(h¢, {(he, A¢)) < O for

all period-t measures hy < hy(A¢). We thus can rewrite the above decision rule as

We note that because of our assumption that G(hy,1) < 0, we have that if A, € (0,1) (and

12G(h, &) will be strictly increasing if, for instance, B(h) is strictly decreasing, and the direct effects of
varying h and £ (i.e. while keeping D(h,§) and ¥(h, &) constant) are the dominant ones.
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hence £(h, A\t) < 1 for all b > 0) then hy(A¢) > hy := hy(1) > hy. The figure below depicts the
various definitions and relationships in the context of an example for the functions G and . In
the figure, ﬁ(ht, A¢) is given implicitly by the solution with respect to h of G(h,&(hy, A¢)) = 0.
Note that in this figure, h; < E(ht, At) if and only if hy < hi(Ay).

We should emphasise here that the decision rule (9.1) can also be obtained, in a similar
manner to the one above, from the optimal decision rule found in Bose and Makris (1998)
and described above, if G(h,§) is increasing in h and decreasing in £ with G(0,0) < 0 and
G(h1,&(h1,A1)) < 0. Therefore, the decision rule (9.1) may be encountered in many applica-
tions that fit the above model.

Let now, for any given sample x = (1, ¥2...), the functions A} (z'~!) and h}(z'~!) be the

solution with respect to A; and h; of the system of difference equations
At = z-1€(hi—1, A1) + [1 — 2 1)€(he—1, Ae—1) (9.2)
and
ht = q[ﬂjt_ll{ht_l < h*()\t—l)} + ’Yht_l], (93)

for ¢ > 2, given the initial values (A1, h1) = (g, f1(2°)). We thus have that fiy1(2') =
g(fi(z'=1),d;) as postulated in the main text, where g(f,d) := q[d + vf], and that h; =
fe(xt=1). Tt follows that the decision rule (9.1) reduces to (5.4) in the main text after also
defining f,(2'71) := ho (A (2'71)) for all ¢ > 2.
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